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SIM4ARY 


fils  paper  covers  a  theoretical  investigation  of  the  detemina- 
tion  of  the  ■basic  geometrical  quality  of  the  relative  and  absolute 
orientation  procedures  and  the  propagation  of  the  errors  from  these 
operations  to  the  final  results  of  the  photogrammetric  procedure, 
including  the  elements  of  the  exterior  orientation.  ®ae  geometrical 
quality  is  determined  as  standard  errors  from  the  standard  error  of 
unit  weight  of  the  basic  data:  image  Goordlnates,  parallaxes,  and 
model  coordinates.  The  principle  of  compensation  between  the  ele¬ 
ments  of  the  absolute  and  the  relative  orientations  is  applied. 
Goii®arisons  of  the  geometrical  quality  to  be  esqpeeted  from  normal- 
euigle,  wide-angle,  and  superwide -angle  photographs  have  been  made. 

It  is  concluded  that: 

a.  The  method  of  least  squares  and  its  laws  of  error 
propagation  allow  a  well-defined  theoretical  determination  of  the 
geometrical  quality  to  be  expected  in  the  final  results  of  the 
photogrammetric  procedure  in  terms  Of  the  standard  errors  of  the 
y-parallajces . 


b.  The  theoretical  geometrical  quality  of  the  elements 
of  the  exterior  orientation  after  dovLble-  and  single-point  resec¬ 
tions  in  space  can  be  determined  in  this  way  only. 

c.  The  influence  of  the  errors  of  the  interior  orienta¬ 
tion  must  be  taken  into  account,  A  well-defined  procedure  for  the 
calibration  of  the  camera  and  photographs  is  therefore  necessary. 
Also,  here  the  method  of  least  squares  is  of  basic  importance. 

d.  Tolerance  limits  for  the  relative  and  absolute  orien¬ 
tations  can  be  derived  from  the  results  of  these  investigations. 


V 


INVESTIGATION  OF  THE  GEOMETRICAL  QUALITY  Of  THE 
RETATTVB  AND  ABSOLUTE  PRIENTATION  PROCEDURES  AND  THE 
FINM.  RESISTS  OF  THE  PloTOGRAMMETRIC  raOCroURE 


I.  INTRODUCTION 

The  photograrninetric  procedure  caa  he  divided  into  four  fuhda* 
mental  operations ,  viz . : 

li  The  photography,  i»  e,,  the  creation  of  perspective  images 
of  the  ohject  to  he  measured * 

24  The  reconstruction  of  the  ideal  htondles  of  rays  hetween 
the  points  of  the  object  and  the  (exterior)  perspective  center  of 
the  camera  lens  at  the  moments  of  e3^sure4 

3.  The  relative  orientation  of  overlapping  hundles  of  rays  in 
order  to  make  correspondijig  rays  intersect  ^d  ijaerehy  create  an  op« 
tical  model  (real  or  imaginary) 4 

it- 4  The  absolute  orientation  for  scaling  and  orienting  the 
model  into  a  given  coordinate  system  and  tiie  final  coordinate  deter¬ 
mination,  numerically  or  graphically* 

None  of  the  mentioned  fundamental  operations  can  he  performed 
free  from  errors 4  The  geometrical  quality  of  the  final  results, 
therefore,  is  a  function  of  the  geometrical  quality  of  the  opere.- 
tions.  For  a  rational  investigation  of  the  geometrical  quality  of 
the  final  results  it  is  necessary  to  Consider  them  separately, 

In  Research  Note  Nos  4  1  ^d  2  on  the  basic  geometrical  quality 
of  aerial  photographs  and  on  the  plotting  instruments,  i,  e*,  the 
fundamental  operations  1  and  2,  have  been  discussed.  In  this  in¬ 
vestigation,  the  fimdsinental  operations  3  and  k  are  considered  and, 
in  particular,  the  mutual  relation  between  the  operations  (the  prin¬ 
ciple  of  compensation)  is  studied.  Finally,  "Wie  geometrical  qiaality 
of  the  end  results  is  ea^ressed  in  terms  of  the  geometrical  quality 
of  the  fundamental  operations. 

The  investigations  primarily  refer  to  the  practical  operations 
in  plotting  instruments  of  first  order  but  the  results  can  be  ap¬ 
plied  to  ail  types  of  stereoscopic  photogrammetric  plotting  instru¬ 
ments,  and  the  same  procedures  can,  with  minor  modifications,  be 
used  for  the  investigations  of  the  geometrical  quality  of  analytical 
photograngnetric  methods  of  various  kinds. 

Important  prerequisites  for  the  following  investigations  of  the 
theory  of  errors  of  the  relative  and  absolute  orientations  are  that 
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the  geometrlGal  qualities  of  the  aerial  photographs  and  of  the 
plotting  instruments  have  heen  oarefully  tested  under  operating  con^ 
ditions  for  the  distinction  between  regular  errors  of  various  kinds 
and  for  the  estimation  of  statistical  values  of  the  inevitable  ir^ 
reg\ilar  errors 4  for  such  purposes,  the  method  of  least  squares  is 
the  most  reliable  and  convenient  procedure,  in  particular,  if  regu» 
lar  errors  can  be  obtained  directly  as  parameters  from  the  adjust* 
ment.  From  the  standard  error  of  \init  weight  the  standard  errors  of 
the  regular  errors  can  be  directly  determined  too,  as  well  as  of  all 
functions  of  the  basic  observations.  It  is  always  desirable  that 
the  test  procedures  of  aerial  photographs  and  of  plotting  instru¬ 
ments  be  repeated  several  times  and  with  certain  intervals  under 
Varying  outer  conditions  in  order  to  see  the  possible  variations  of 
the  regular  errors  themselves,  from  well-knowa  statistical  princi¬ 
ples,  tolerance  limits  for  the  regular  errors  can  be  created  for  the 
test  whether  the  variations  can  be  accepted. 

In  summary,  it  is  assumed  that  the  most  important  regular 
errors  of  the  fundamental  operations  1  and  2  (the  photographs  and 
the  plotting  instruments)  have  been  determined  and  can  be  corrected 
forj  and  the  irregular  errors  have  been  estimated  as  standard 
errors  of  unit  weight,  furthermore,  it  is  desirable  that  the  stat¬ 
istical  distribution  of  the  residuals  be  tested  and  fovind  to  be 
normal  on  the  5 “^percent  level,  at  least. 

The  problems  considered  here  have  partly  been  discussed  in 
different  connections  by  the  author >  and  some  resiilts  have  been  pub^ 
lished  in  different  languages  (references  3>  and  5)*  Therefore, 
no  complete  derivations  are  shown  where  such  treatment  can  be  found 
in  literature;  instead,  a  summary  of  the  most  important  formula 
systems  is  made  for  the  purpose  of  facilitating  the  reading  and  de¬ 
rivation  of  the  final  formulas  for  the  accuracy  of  the  coordinates, 
the  elevations,  and  the  elements  of  the  exterior  orientation. 

II.  IWVE^IGATION 

!•  The  Basic  Geometrical  Quality  of  the  Relative  and  Absolute 
Orjentatiohe.  Th^purpose  of  the  relative  briehtatioh  is  tb^mahe 
all  paWs  of  corresponding  rays  in  overlapping  bundles  intersect. 
According  to  projective  geometry,  this  is  in  principle  achieved  when 
five  pairs  of  rays  have  been  brought  to  intersect,  provided  that 
some  general  conditions  concerning  the  locations  of  the  rays  or  the 
intersected  points  are  fulfilled.  In  the  plotting  instrviments ,  the 
relative  orientation  is  usually  first  performed  empirically  tteough 
systematic  changes  of  suitable  elements  of  orientation  in  order  to 
bring  corresponding  rays  to  intersect  in  at  least  five  points.  This 
is  equivalent  to  the  vsnishing  of  y^-parallaxes  in  the  orientation 
points.  There  are  many  different  methods  in  use  for  this  preliminary 
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part  of  the  relative  orientation  and  all  lead  to  the  following  situ¬ 
ation  in  the  plotting  instrujsient :  In  the  five  pritnary  orientation 
points  the  rays  interseet  more  or  less  correGtly  hut  never  exactly 
heeause  the  intersection  has  to  he  ohserved ;  i.  e*,  the  y-parallaxes 
have  to  he  ohserved  and  corrected  with  sui table  elements  of  orienta¬ 
tion.  ©ais  is  a  measuring  operation  which  never  c^  he  made  free 
from  errors  and  therefore  it  is  not  possihle  to  mahe  the  five  pairs 
of  rays  intersect  exactly,  this  is  also  clearly  shown  hy  the  fact 
that  even  if  the  operator  does  not  see  any  y-parallax  in  a  certain 
detail  of  the  model,  “^ere  may  he  considerahle  y-parallaxes  in  de¬ 
tails  in  the  immediate  area.  Furthermore,  in  other  points  of  the 
model  than  those  five  in  which  the  y-parallaxes  were  corrected^  and 
which  are  arbitrarily  located,  there  are  certainly  coasiderahle  y« 
parallaxes  found  when  the  model  is  inspected.  In  practice,  many 
operators  try  to  correct  such  residual  parallaxes  throu^  small 
changes  of  the  elements  of  orientation,  and  the  result  is  a  Hind  of 
empirical  adjustment  of  the  relative  orientation  where  the  residual 
y -parallaxes  are  made  as  small  as  possihle  althoiigh  usually  only 
through  subjective  Judgment,  fhere  is,  under  such  clrcumistanees , 
no  defined,  objectively  determined  principle  used  for  the  iE^ortant 
question  when  the  relative  orientation  is  to  he  regarded  as  finished. 
In  general,  no  rneasiiirements  of  the  residual  y-parallaxes  are  per* 
formed  either,  and  thereforej  it  is  not  possihle  afterwards  to  make 
any  statements  concerning  the  geometrical  qiiality  of  the  relative 
orientation . 

Here,  it  is  always  assumed  that  the  residual  y-paraijiaxes 
are  measi;u‘ed  in  the  orientation  points  or  rather  regions  after  the 
empirical  proGedure.  It  is  further  always  assiimed  that  the  resid¬ 
uals  are  observed  and  measured  in  at  least  three  details  around  each 
ideal  point  and  that  the  average  is  used  as  the  parallax.  We  assusie 
such  measurements  to  he  made  in  5^  €,  9,  and  15  regularly  located 
points  or  regions  of  the  model,  the  principles  of  least  squares  are 
applied  to  the  treatment  of  these  residual  y-parallaxes.  As  stated 
previously,  it  is  assumed  that  '^e  errors  of  the  image  coordinates 
and  of  the  instrusent  in  principle  are  of  irregular  character  and 
normally  distributed  on  the  5  percent  level.  Next,  the  basic  dif¬ 
ferential  formiilas  are  su®arlzed. 

For  the  definitions  and  signs  of  the  Wild  Autographs,  the 
following  basic  differential  formulaB  have  been  derived  for  the  re¬ 
lation  between  small  changes  of  the  elements  of  the  exterior  orien- 

of  projected  coordinates  of 


+  ^  d«  (1) 

h 


tation  of  a  projector  and  the  changes 
approximately  vertical  photographs: 


dx  ^ 


*  I  dzo  -  ydK 
h 
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These  formulas  have  heen  Gberived,  e.  g^,  in  the  author's  texthook, 
referenGe  6^  pi  292.  When  the  elements  of  orientation  take  arbi¬ 
trary  values >  the  differential  formulas  of  the  general  projeGtive 
relations  have  to  be  used  (reference  6,  pp.  and  reference  7)* 

The  following  derivations  are  applicable  to  arbitrary  conditions 
provided  that  the  basic  differential  formulas  are  correctly  derived 
in  the  manner  indicated.  Also>  for  iteration,  the  basic  differen¬ 
tial  formulas  are  most  important. 

For  a  y-parallax>  defined  as  a  difference  between  two  pro¬ 
jected  y-coordinates  from  two  overlapping  photographs  1  and  2  (left 
and  ri^t)  as  py  =  -  y2,  the  general  differential  formula  (Fig.  1) 

is : 

Py  =  -dbyj^  +  dbyg  -  I  dbz|  +  t  dbzg  +  xdn^  -  (x-b)dH2  .  ^  dipj,  + 


Only  five  elements  are  to  be  determined  through  the  rela¬ 
tive  orientation;  therefore,  the  necessary  differential  formula  for 
the  following  developments  contains  only  five  terms.  'Usually,  only 
those  terms  which  belong  to  projector  2  (the  ri^t  one)  are  chosen, 
which  means  the  dependent  procedure  Of  the  relative  orientation.  If 
the  independent  procedure  had  been  preferred,  Hie  elements  dH]^,  dHg, 
del,  ^92 j  *^“2  wo'iLd  have  been  chosen.  For  the  derivation 

given  here,  the  end  results  must  become  identical  for  both  proce¬ 
dures  of  the  relative  orientation. 


For  the  dependent  procedure,  the  following  differential 
formula  is: 


The  relation  between  the  elevations  of  the  model  and  the  elements  of 
orientation  according  to  the  dependent  procedure  is  given  by  the 
following  differential  formula  (reference  6,  p.  29h); 


k 


Fig,  1.  Definition  of  the  elements  of  the  relative  orientatloh. 
The  arrows,  defining  the  directions  of  the  rotations,  are  placed 
between  the  actual  axes  and  the  reader. 


The  corresponding  formulas  for  the  x-  and  y ■^coordinates  of  the  model 
(reference  6,  p.  29*+)  are; 
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These  formulas  are  hasiG  for  the  investigation  of  the  error  propa* 
gation  from  the  relative  orientation  to  the  final  elevations  and 
coordinates  of  the  model  and  also  to  the  final  elements  of  the  ex* 
terior  orientation,  fhe  prinGiples  can  he  descrihed  as  follows. 

From  at  least  five  y*parallax  ohservations  the  elements  of  the  rel* 
ative  orientation  can  he  determined  with  the  aid  of  formula  (k). 

If  redundant  ohservations  are  availahle>  an  adjustment 
aciGordlng  to  the  method  of  least  squares  can  he  made,  and  the  hasio 
accuracy  of  the  y*parallax  measin’ements  Gan^  he  determined  as  stand* 
ard  error  of  unit  weight,  fhe  determination  heGomes  stronger  with 
increasing  number  of  rediindant  parallaxes.  If  the  points  in  whieh 
the  parallaxes  are  measured  are  loeated  regularly,  the  normal  equa* 
tions  heeome  simple,  and  generalized  solutions  can  he  made.  Simple 
forms  Gan  he  used  for  the  necessaiy  calculations. 

Corrections  to  preliminary  measurements  of  elevations  and 
coordinates  x  and  y  can  then  he  computed  from  the  determined  correc* 
tions  to  the  elements  of  the  relative  orientation  and  with  the  aid 
of  formulas  (5),  (6),  and  (7).  ffiie  aGcuraey  (standard  error)  of 
these  corrections  Gan  he  eomputed  from  the  accuracy  (standard  error 
of  unit  weight)  of  the  hasic  ohservations  from  which  the  corrections 
of  the  elements  of  orientation  were  computed.  However,  in  some 
points  of  the  model,  which  are  to  he  used  for  the  ahsolute  orienta* 
tion,  the  errors  emanating  from  the  elements  of  the  relative  orien* 
tatlon  and  propagating  •talro^igh  formulas  (5)>  (6),  and  (7)  heeome 
compensated  hy  the  elements  of  the  absolute  orientation.  If  there 
are  no  redvmidant  control  points  (i,  c.,  two  points  in  planimetry  and 
three  points  in  elevation),  the  errors  from  the  relative  orientation 
can  he  con^letely  compensated  in  the  control  points,  and  only  the 
errors  of  the  model  Coordinate  measiurements  affect  the  control 
points  after  the  absolute  orientation.  But  the  elements  of  -yae  ah-* 
solute  orientation  become  affected  with  the  errors  from  the  relative 
orientation  and  in  all  other  points  of  the  model  except  the  control 
points,  the  errors  of  the  elements  of  the  ahsolute  orientation  af¬ 
fect  the  elevations  and  coordinates  in  addition  to  the  errors  from 
the  elements  of  the  relative  orientation.  If  redundant  control 
points  are  available,  some  principle  must  he  used  for  the  distrihu- 
tiou  of  the  inevitahie  discrepajicies  in  tde  control  points  in  order 
to  determine  the  elements  of  the  ahsolute  orientation  uniquely. 

Also,  here  the  principles  of  '^e  method  of  least  squares  are  applied. 
Through  this  procedure,  whi^  is  founded  upon  the  prlnelple  of 
compensation,  the  influence  of  the  errors  of  the  relative  orienta- 
tion  the  final  elevations  and  coordinates  of  the  model  can  he 
studied  theoretically  correctly,  and  the  standard  errors  to  he  ex¬ 
pected  in  the  final  data,  inciting  the  elements  of  the  exterior 
orientation,  can  he  expressed  in  a  well-definad  and  theoretically 
correct  way.  Evidently,  the  numiber  of  and  the  locations  of  the 
control  points  as  well  as  the  number  of  and  locations  of  ^e  model 
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points  in  which  the  y*parallaxes  are  ohserved  and  the  basic  stand¬ 
ard  error  of  \init  weight  must  be  taken  into  account.  It  also  is 
Shown  from  the  fomula  systems  (to  be  derived)  how  the  geometrical 
data  of  the  photographs  (in  particular,  the  opening  angle  and  the 
overlap)  Influence  the  determination  of  the  final  accuracy. 


h 


Fig.  9.  Locations  and  notations  of  model  points  for  the  rela¬ 
tive  and  absolute  orientations  and  the  differentials  of  the 
elements  Of  the  absolute  orientation  dx^,  dyg,  dhQ,  da,  dn,  df, 
and  db. 


Before  the  procedure  is  presented  more  in  detail  the  basic 
formulas  for  the  absolute  orientation  are  sho^  (5’ig*  2)?  F^r  the 
elevations,  the  absolute  orientation  consists  of  one  translation, 
dho>  and  two  rotations,  di]  euad  d§,  around  two  horizontal  axes, 
usually  the  y-  and  x-axes  of  the  model  coordinate  system,  respec¬ 
tively.  The  differential  formula  between  the  model  elevations  and 
the  elements  of  the  absolute  orientation  is: 

dh  ^  dhp  +  xdi  +  yd|  (8) 

If  at  least  three  elevation  discrepancies,  dh^ ,  dhg,  and  dho,  have 
been  observed  in  the  model  points,  the  corrections  of  the  elements 
of  the  absolute  orientation  can  be  found  from  three  equations  of 
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(S) *  aoore  than  three  elevation  disGrepancies  have  been 
measured,  redundant  data  are  available  euad  a  well-defined  principle 
must  he  applied  for  unique  determination  of  the  Gorrections  of  the 
elements  of  the  absolute  orientation.  For  n  elevation  discrepancies 
dhQ^.iiidhn,  in  the  model  points  method  of  least 

squares  gives  unique  solutions  of  the  GorreGtions .  If  the  coordi- 
nates  x^y^^. . .  are  translated  into  a  system,  the  origin  of  which 
is  the  point  of  gravity,  and  these  gravity  coordinates  are  denoted 
j the  following  corrections  (references  3  and  6,  p^ 

31 5)  are  obtained: 


dho  = 

-  iM. 

n 

(9) 

dq  == 

[XY3  lYdh]  -  [YY]  tXdid 

(10) 

[X3d  [YYl  -  [XYl2 

dg  := 

tXY]„tXdhL  -  TO  (Ydhl 

(11) 

TO  tYYl  - 

In  planimetry >  the  absolute  orientation  consists  of  two 
translations  dXg,  dy^^,  one  scale  change  ^  ,  and  one  rotation  d« 

(fig.  ^);  The  basic  differential  formuias  relating  the  differentials 
and  the  changes  of  the  Coordinates  ^  and  dy  follow: 


dx  s  dXo  ^  - 

b 

yda 

(12) 

dy  -  dyQ  +  y^  + 

xda 

(13) 

The  discrepancies  in  two  points  are  evidently  sufficient  for  the 
determination  of  the  corrections  of  "^e  prelimineiry  values  of  the 
elements  of  the  absolute  orientation.  If  more  the®  two  points  are 
available,  the  method  of  least  squares  is  applied  for  the  unique 
determinatiQn  of  the  corrections.  Again,  if  the  coordinates  x  and 
y  are  translated  to  a  coordinate  system,  the  origin  of  which  is 
located  in  the  point  of  gravity,  the  corrections  of  the  elements  of 
the  absolute  orientatign  are  obtained  as  fdllbws  from  the  diserep* 
ancles  in  n  points  (references  3  and  6,  p.  316); 

dxQ  =  »  L&il  (l4) 

“  n 
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*  * 


n 


Id 


do  = 


[Ydxl  -  [Xdyl 
DOa  +  [YYj 


g.  SoiM  Different  ProGedures  of  the  Relative  Orientation <  As 


indioated  previously >  the  relative  orientation  Gan  he  made  with  the 
aid  of  Gorrections  or  measurements  of  y-parallaxes  in  various  num- 
hers  of  model  points  and  in  various  positions «  EaGh  suGh  point  Gom^ 
hination  Gonstitutes  Gertain  Gonditions  for  the  relative  orientation 
and  the  geometriGal  quality  of  the  operation  and,  in  partiGular>  the 
error  propagation  formulas  heoome  speGifiG  for  eaGh  point  Gomhina* 
tion»  Some  different  point  Gomhinations  are  Gonstdered  here,  and 
then  the  error  propagation  and  the  prinGiples  of  Gompensation  are 
applied  to  one  speeifie  type  of  the  relative  orientation,  the  six^ 
point  Gomhination,  which  is  the  most  Usual  one  in  praetice* 


For  the  Various  point  Gomhinations  the  orientation  points 
are  chosen  from  such  a  scheme  as  is  indicated  in  Fig*  2. 

a.  Five -Point  Comhination .  As  indicated  previously, 
five  points  are  gehefally  a  Mhimm  the  relative  orientation. 

As  an  example,  the  nianertcai  determination  of  the  correGtions  of  iiie 
elements  of  orientation  and  the  Gorresponding  wei^t  numbers  and 
correlation  nvunhers  are  shown  here* 

We  assume  the  y-parallaxes  after  a  preliminary  orientation 
to  he  measured  in  the  model  points  15,  95 ^  19>  99^  and  11.  After 
formula  (h),  written  as  a  correctton  formula,  is  applied  to  the  five 
mentioned  points  and  after  the  formula  system  is  solved  in  some  way, 
the  following  corrections  of  the  elements  of  the  relative  orienta* 
tion  are  obtained  as  direGt  functions  of  the  measured  y-parallaxes : 


+  + 
2d® 


’  %5^ 


dKo  “ 


dhzg  - 


+  Pt  o  + 


(19) 

(20) 
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flae  weight  ahd  Gorrelation  hiiinibers  can  next  he  computed 
accoMing  to  their  definitions,  fhe  numbers  are  shown  in  the  weight 
matrix  in  Table  1 . 


Table  !•  Weight  and  Correlation  Numbers  of  the  Elements 
of  the  Eelative  Orientation;  Five  Orientation  Points 


|||[^^^ 

'  bzg 

- -  -  '  __  - - - i| 

n 

«2 

H 

B 

m 

2hd} 

^2 

Ei 

1^1 

7fa^ 

j£ 

B 

gd^ 

2bd^ 

92 

4h^ 

mm 

b^d^ 

3h2 

«2 

2d^ 

With  the  aid  of  the  general  law  of  error  propagation  ^d 
the  terms  from  Table  I  the  standard  errors  of  all  functions  of  the 
elements  of  the  relative  orientation,  as  for  instance,  computed  from 
formulas  (It-)  through  (T),  can  be  determined.  The  standard  error  of 
unit  weight  cannot  be  determined  from  measurements  in  five  points 
only  because  no  redundant  measurements  are  available  but  must  be  de» 
terpdned  from  measvu'ements  in  more  points, 

b.  Six  "■Point  Combination,  This  combination  is  the  nest 
common  in  the  thediy  and  pra^  the  rela.tive  orientation.  The 

sixth  point  is  a  good  checK  against  gross  errors  in  the  parallax  ob^ 
servations  or  corrections  but  means  also  a  condition  in  which  a  die's 
crepancy  always  is  to  be  expected.  Usually ,  the  following  model 
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points  are  used:  15,  95,  19,  99,  11,  and  91.  The  general  solution 
of  ilie  six»point  orientation  problem  is  well  known  (reference  6,  p. 
282),  and  the  final  formulas,  only,  are  given  here.  For  moderate 
elevation  differences  on  the  ground  (h  =  const.),  the  following 
corrections  are  obtained: 


+  (P9i+P99)(3b^-2d^) 


P^^(6h^+ad^)  +  (P3^^3^^)(3h^+2d^)  + 

(IB) 


dKg 


+  P95 


m 


^'^^2  ^  ^  (P91  -  P99)  (15) 

^’2  “  (-  Pii  P9i  ^19  * 

ll 

^®2  ®  (^  ~  2P95  +  Pii  +  P91  +  P19  +  P99)  (17) 

twl  -  ^  (*  2p^^  +  2p^^  +  p^^  -  p^^  +  p^^  *  (28) 

Sq  =  |/lvvl  (29) 

^Sq  “  O.TOSp 

The  weight  matrix  is  shown  in  Table  II. 


The  error  propagation  from  the  basic  y»parallax  observa- 
tions  to  arbitrary  fvnictions  of  the  elements  of  the  relative  orien* 
tation  can  be  studied  with  the  aid  of  the  laws  of  error  propagation 
and  the  terms  of  Table  II.  It  should  be  noted  that  the  determina* 
tion  of  the  standard  error  of  unit  weight  according  to  formulas  (28) 
and  (29)  is  extremely  weak  because  there  is  only  one  rediffidant  ob» 
servation.  Therefore,  it  is  always  advisable  to  use  at  least  nine 
and  preferably  fifteen  points  for  the  determination  of  Sq.  The 
formulas  are  given  here.  But  the  corrections  of  the  elements  of  the 
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relative  orientation  Gan>  in  general,  be  computed  from  the  formulas 
Just  given,  provided  that  the  residual  y-parallaxes  are  small  (less 
than  about  0.05  “ni  th  the  photographs).  The  weight  and  correlation 
numbers  are  only  slightly  changed  if  more  points  are  used. 


Table  II.  Weight  end  Gorrelation  Numbers  of  the  Elements 
of  the  Relative  Orientation;  Six  Orientation  Points 


■H 

bya 

^2 

92 

COg 

m 

1 

0 

0 

3 

....  ._  -  .... 

1^11 

0 

0 

0 

— 

h^ 

h^ 

0 

2d^ 

92 

B 

0 

C02 

c.  Nine*Point  Combination.  This  combination  is  of 
particular  importance  because  there  are  foia*  redundant  observations . 
The  standard  error  of  unit  weight,  therefore,  becomes  determined  with 
considerably  higher  reliability  than  in  the  six-point  combination. 

The  work  is  only  slightly  increased.  Ilie  following  formula  systems 
refer  to  terrain  with  arbitrary  elevation  differences,  and  the  pre* 
vious  formxila  systems,  in  principle,  refer  to  flat  terrain,  although 
considerable  elevation  differences  can  be  allowed  if  the  preliminary 
orientation  is  performed  so  that  the  residual  y-parallaxes  are  of  the 
order  of  magnitude  0.05  m  in  the  photographs,  it  is  difficult  to 
derive  theoretical  tolerances  for  elevation  differences  and  residual 
y-parallaxes.  Practical  tests,  performed  in  connection  with  the  in¬ 
ternational  controlled  experiments,  within  the  International  Society 
of  Photograrometry  (isp)  1956  through  i960,  and  reported  in  reference 
5,  have  indicated  that  the  results  of  adjustments  of  the  relative 
orientation  are  not  so  sensitive  to  the  elevation  differences  if  the 
residual  y-parallaxes  are  of  the  order  of  magnitude  as  indicated 
previously.  The  following  formula  systems  have  been  derived  by 
Ottoson  and  have  been  pxibiished  in  reference  5: 
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dbyg  *  ^  (Pl5^5P95+P34-5P9i+Pi9~5p^9-2p^3^“2p^^~2|)^^)  + 


# 


^2  “  ^ 


P95  "■  Pll  '*' 


*  P99)  + 


^  (- 
12k  ^ 


'99  ^  ^-^51 


’59'  ‘ 


^4  •  iek  (•  ®ii  ♦  »9i  ♦  »!$  *  fjs)  + 


+  ru  +  sv 


)  ad  +  be  ■¥  cf 


6(t^  +  u-  4-  v^)  +  d^  +  e^  + 
The  Sobols  are  defined  as  follows  s 


k  = 


tk 

H 


m 


(L  =  1  + 


s  the  fly lag  altitude  over  the 
actual  point  1  and  on  the  proper 
scale 

*  the  y-Goordinate  on  the  same  scale 


a  -  ■ 


b  =  - 


^15  ^ 

Z93  + 

L(z^l  . 

^91* 

^19 

599) 

h(^  ^11  5^91  ■*■  ^19  ■*  5^99  + 

2zi 

51  -  8Z.59) 

^(zil 

-  Z91 

“  ^19  '•■ 

Z99) 

^15  * 

Z95  + 

S55  + 1 

(zil  ^ 

^91 

+  : 

®19  *  ®99  ■ 

’^13 

•  SPy, 

’  ^91 

+  !+i 

’51 

H-4P59 

"P15 

’  P95 

■  ^^19 

-  %>  99 

+  hi 

H9 

+  8P55 

-  Pll 

-P9I 

+  PI9  + 

•  P99  + 

Spji  - 

8P59 

"  H3 

-  ^95 

-  2Lz^j 

^  2LZ( 

hLz^l  + 

e  =  -  Zi^ 

“  ^95 

a  2Lz  a  iLz 

19  9‘ 

)  * 

f  .  -  Lz^3 

a  LZg 

* 

)l  ^^19  ■*■  ^^9< 

)  *  21.851 

*  ^*'"59 

q  =  -  P5I 

“  P59 

2P55 

t  =  - 

1.851  - 

'55 


r  = 


s  = 


•fe{ 


u  =  ^  1*219 


V  =  -  1*291  "  ^^99 

+  r^  4“  s^)  4  a^  4  4  G^  » 

■r 


4  ru 


2  2 

-  4  4 


4  sv)  4  ad  4  be  4  ctf 


-1^ 


4  4  4 

%  ^  O.35S0 

ConfidenGe  limits  are: 

On  the  level  3  perGent:  0,6sq  ^  §'9Sq 
On  the  level  1  perGent:  O.^s^  ^ 


Itost  of  the  formulas  given  previously  can  be  Gonsiderably  simplified 
because;  provided  the  residual  y*-parallaxes  are  smaller  than  b.05  mm 
in  the  photographs;  the  flying  altitude  can  be  chosen  as  an  average 
for  the  model  and;  Gonsequently;  $11  be  substituted  by  h,  Itoder 
this  assumption  the  following  formulas  etre  obtained: 


•  W 


+2h-)  -p^5(3a^42h^)4(pi3^4pi^-2p^^)  (d^4b^) 


*  (P91+P99)(^ 


^0  ^  4r  (- 


4  p, 


95 


+  P99) 


(37) 

(38) 


dbz. 


2  ^  a  (*  Pii  +  ^Pgi  +  P] 


'99 


IJ^ 


(39) 


Jl. 

2bd  '' 


Pll  +  P9I 


(ko) 
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’55 


A 


(»^2) 


=  ^ 


For  the  praetical  Gomputatiohs  speGial  forftis  Gah  he  used 
(fables  III  and  IV) .  The  eomputatlons  of  the  weight  and  Gorrelation 
numbers  Gan  be  made  aGcording  to  their  definitions ^  For  formi^as 

fable  Ill.  Form  for  the  Computation  of  CorreGtions  to  the 
Elements  of  the  Relative  Orientation  from  Measwed 
y»Farallaxesj  Nine  Points,  Vertioal  Photographs  A? 


Point 

p 

mi.cronS 

-i- 

III 

iv 

'  .  . ^ 

S 

B  •-  ,k: 

k 

..k 

k  . 

k 

t"  k' 

.t>-i  k- 

t) .  k- 

U 

4.1 

••1 

•1 

:-p1' 

kl 

. 

■kl 

4-2 

■.1 

+1 

+1 

+5 

4-1 

4-7' 

15 

-1 

-2 

•1 

n 

-2 

«2' 

-4 

?'? 

-2 

+i 

ki*' 

19  _ 

ki 

+1 

+1, 

4-1 

4-3 

59 

■kl 

'2 

qq 

±1 

zL 

+ 

• 

mm  h- 


dbz. 


PZ2 


3b 

.  ^ 

I2d 


-  264 


I  + 1  •  1  •  II . 

/^ygpyg 

*  i/G 

i.  fak 

®46yg  ~  §p  ' 

[/^ygpyg 

Ill  •  p 

/%% 

-  0,817 

6  “ 

4 

^dJtg  -  Sp  ' 

'  ]/^  W  ' 

•  IV 

^^ZgtZg 

=  0,646  - 

§46z2  ^  §0  • 

V  •  p  - 

^S>2?2 

=  ± 

-  64 

a 

9492  =  ®o  ' 

/'^2P2  ’ 

II  •  p  - 

=  0,707 

.  h 

48' 

^4«2  ^  9p  • 

P  = 


P  = 

P  = 
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Table  IV.  Computation  of  the  Accuracy  of  y-Parallax  Measurements 
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(30)  throu^^  (3’!^^)  the  numbers  beedme  GompliGatedi  For  most  praGtl- 
cal  pxxrposes,  however,  it  is  sufflGient  to  use  the  weight  and  Gorre- 
lation  numbers  from  formulas  (3?)  through  (kl).  fhese  are  shown  in 
the  matrix,  fable  V. 


fable  V.  Weight  and  Correlation  Numbers  of  the  Elements 
of  the  Relative  Orientationj  Nine  Orientation  Points 


byg 

^2  : 

b'Zg 

92 

HE 

HI 

1  |i£  hV 

®  *  3d^  JaF 

0 

0 

■esbh 

^2 

3b^ 

0^ 

0 

0 

nj 

El 

0 

92 

0 

«2 

hS 

A  Gomparison  between  fables  II  and  V  shows  that  there  are 
only  minor  changes  of  the  weight  and  correlation  numbers  *  fhis 
means  that  the  accuracy  of  the  corrections  of  the  elements  of  the 
relative  orientation  is  only  sli^tly  increased  if  y-parallaxes  from 
nine  points  are  used  instead  of  those  from  six  points.  But  the  re^ 
liability  of  the  standard  error  of  unit  weight  is  considerably  in*- 
creased  from  the  six-^point  to  the  aine»point  adjustment.  Further 
increase  of  the  reliability  can  be  obtained  from  an  adjustment  of 
measurements  in  15  points,  fherefore,  the  formulas  for  ihe  computa-^ 
tion  of  the  standard  error  of  unit  weight  from  15  points  are  shown 
here  (but  without  derivation)  because  this  has  been  done  earlier 
(reference  5)* 

d.  Fifteen-Point  Combination.  A  eonplete  adjustment 
can  be  made  from  y'^ac^Ilauc  bbsei^atibhs  ^i^  15  regularly  located 
points  but  only  the  formulas  for  the  standard  error  of  unit  weight 
are  given  here.  We  havei 


IT 


+ 


tw] 


“^51)  +(Pi^+P^^-2p^^)^  + 


"Piq“Pc 


4  +  ^  (-1 

J  210  ■* 


'il^^ns 


ar  -^17 


53""'"'55^^57“®59“®93: 


9r^^97 


ll“^i^l3‘^i'ir^l7‘^^S^19“^P9l^3P93-2p95+ 

?p^3+2p5^ 


+  3p9Y“9p^)^  +  ^ 


+  Pr 


■97*®99^ 


93  ^97 

a 


2  1 
"Pqq)  *•*  ^  (Pi  1 


20  '‘^ll“‘^^l3‘*‘‘^Pl7*Pl9“P9l‘*’^P93“ 


(hk) 


sg^  -  0-22Sp 

ConfidenGe  limits  are: 

On  the  level  5  percent:  0.7Bq  » 

On  the  level  1  percent:  0.6sq  ^  2.2sq 

It  can  he  noted  that  the  It  first  terms  of  formula  (Itit)  are 
identical  with  formula  (lv2).  Furthermore,  each  of  the  10  parentheses 
of  formula  (Ith)  contains  a  condition,  and  the  steuidard  error  of  unit 
weight  is  determined  from  the  discrepancies  in  these  conditions. 

The  last  condition  of  formula  (Itit)  is,  in  particnlar,  the  condition 
which  shows  effects  of  possihle  radial  distortion.  For  the  practi¬ 
cal  confutation  of  formula  (Itit)  it  is  suitahle  to  i:se  forms.  Such  a 
form,  which  can  he  used  for  the  treatment  of  formula  (l^l^)  as  well  as 
of  formula  (It2)  is  sho'm  in  Table  IV, 

e.  R;LLes  for  the  Petermination  of  y-Farallaxes  in  'toe 
Wild  Autographs  ,  We^asst^~~the  yip^allsxes  ih~the  model  to  he  ~ 
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measured  with  the  hyi  (left)  or  byg  (rl^t)  projeetori  fhe  readings 
of  the  elements  have  been  recorded  in  the  form  as  well  as  the  read* 
ings  of  all  the  elements  of  orientation  before  the  measurements . 

fhe  readings  of  the  by^  and  by^  before  the  measurements 
are  denoted  hyi^  aud  respectively,  and  the  results  of  the 

readings  (averages)  from  the  y*parallax  measurements  are  denoted 
by^^m  Distinction  is  made  between  the  four 

coahinatioas j  base  in,  base  out,  by^^,  and  byg,  respectively,  fhe 
y-parallax  is  denoted  py. 

Base  in,  measurements  with  byx  (left): 


+Py  ^  ■byia  “  ^yio 

Base  in,  measurements  with  byg  (ri^t): 


Base  out,  measurements  with Jbyi  (left); 


♦%  -  "yio  • 

Base  out,  measurements  with  byg  (ri^t): 


If  these  rules  are  applied  to  the  determination  of  the  y*parallaxes 
the  preceding  formulas  give  the  corrections  of  the  elements  of  the 
relative  orientation  with  the  correct  signs. 

3 »  The  Principle  of  Compensation  euid  the  Perivation  of 
Formulas  for  the  Standard" E^Qrsl[!ryi§yBi^t^  Wd""Ele^tiQh  from 
Single  Models.  For  the^investlWii'^b  ^f  1lie  picpagatlon  of  We 
errors  of  We  relative  orientation  to  the  final  results,  We  compen* 
sating  effect  of  We  absolute  orientation  emd  the  conseq.uenees  of 
this  must  be  taken  into  account.  We  assume  We  relative  orientation 
to  be  performed  up  to  a  certain  standard  so  Wat  no  significant  cor* 
rections  to  We  elements  of  We  relative  orientation  can  be  found 
from  We  measured  y*parallaxes  in  We  orientation  points  (regions) . 
The  quality  of  We  relative  orientation  can  Wen  be  expressed  in 
terms  of  We  standard  error  of  unit  weight  of  We  y«-parallax  measvu*e 
ments.  The  coordinates  and  elevations  of  the  model  are  not  to  be 
regarded  as  errorless  because  the  elements  of  We  relative  orienta* 
tion  stlU  are  affected  with  errors  resulting  from  We  lack  of 
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perfeGtion  of  this  operation  as  shown  hy  the  standard  error  of  tmit 
Weight.  The  errors  of  the  coordinates  and  elevations  are  usually 
descrihed  as  caused  by  model  deformations  and  are  analytically  shown 
by  formulas  (5)  throu^  (7).  Also,  the  residual  y -parallaxes  in 
other  model  points  than  the  orientation  points  are  functions  of  the 
errors  of  the  elements  of  ‘toe  relative  orientation  aGGording  to 
formula  (h). 


Statistioal  expressions  for  the  model  errors  dx,  dy,  dh 
and  the  residual  y-parallaxes  oan  be  found  from  the  mentioned  form¬ 
ulas  by  applying  the  general  law  of  error  propagation,  the  weight 
and  Gorrelatlon  numbers  to  be  used  depend  upon  toe  niimber  of  and 
locations  of  the  orientation  points  (fables  Ij  11>  and  V)  for  5> 
and  9  orientation  points,  respectively.  For  the  following  examples, 
we  use  the  terms  of  fable  II  because  this  example  is  in  best  agree¬ 
ment  with  praGtiGe. 

As  an  example  of  the  determination  of  the  standard  errors 
of  the  coordinates,  the  elevations,  or  the  y-parallaxes  of  a  model 
after  the  relative  orientation  but  before  the  absolute  orientation 
we  use  the  elevations  aGGording  to  formula  (5).  in  fact,  dh  refers 
to  the  flying  altitude,  and  -^e  standard  error  sh  to  be  determined 
first  is  the  standard  error  of  the  determination  of  the  flying  alti¬ 
tude  after  the  relative  orientation,  only.  This  is  different  from 
the  elevation  differenGes  of  the  model  after  the  absolute  orientation. 


Applying  the  general  law  of  error  propagation  to  formula 
(5)  and  noting  from  Table  ll  that  many  of  the  correlation  numbers 
are  zero,  we  find: 


%ib=  v-g 


^  \h^  +  (x-b)S|' 


+  to 


b2 


Q, 


«  2(b-x)  {  h^  +  (x-b)^l 


m 


After  toe  weight  and  correlation  numbers  are  substituted  from  Table 
II  toe  following  formula  is  obtained: 


+ 


(x-b)(h^  #  x^  ■¥  b"  -  2bx) 
bd^ 
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fhe  standard  error  of  tlie  elevations  (flying  altitudes)  is  found 
from 


“  ®o 

where  Bq  is  the  standard  error  of  unit  weight  of  the  y»parallaxes * 

la  order  to  show  the  order  of  magnitude  of  tiae  standard 
errors  for  a  certain  procedure >  formula  (^+8)  is  plotted  in  Fig.  3 

for  wide-angle  photographs  and  6o  percent  overlap 


and  for  Sg  =  1. 


Similarly,  formulas  (6)  and  (7)  have  heen  plotted,  the 
results  are  shown  in  Figs.  4  and  5. 

It  must  he  emphasized  that  the  st^dard  errors  shown  la 
Figs.  3>  ^d  5  refer  to  the  models  after  the  relative  orientation 


6.0  5.0 


Fig.  3*  Standard  errors  of  the  elevations  of  the  model  (from 
the  air  hase)  resulting  from  the  relative  orientation  only. 
Vertical  wide-angle  photographs,  about  60  percent  overlap,  de-*- 
pendent  relative  orientation,  s©  =  1, 
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Figi  1+*  StandaM  errors  of  the  x -coordinates  of  a  model  resiilt- 
ing  from  the  relative  orientation  only.  Vertical  wide-angle 
photographs,  about  6o  percent  overlap,  dependent  relative  orien¬ 
tation,  Sg  =  1. 

only,  and  that  other  relations  will  be  found  after  the  absolute 
orientation  because  of  the  condensation  effects.  The  standard 
errors  as  shown  in  the  figures  are  of  great  interest  too,  however, 
because  the  error  propagation  in  different  procedures  of  aerial  tri¬ 
angulation  is  based  upon  the  errors  of  the  individ\ial  models  after 
the  relative  orientation.  If  the  scale  is  transferred  from  model  to 
Diode  1  with  the  aid  of  elevation  measurenjents  in  the  vicinity  of  the 
nadir  points  of  the  models,  the  standard  errors  of  the  actual  eleva¬ 
tions  can  be  fowd  from  formula  (hB)  and  the  corresponding  graphical 
plotting.  It  should  be  noted  that  the  standard  error  of  'toe 
elevation-Dieasurlng  operation  has  to  be  tehen  into  account  in  addi¬ 
tion  to  toe  influence  from  toe  relative  orientation.  The  standard 
error  of  toe  y-pareillax  corrections  according  to  formula  (4)  is  aj-so 
of  interest  and  can  be  computed  concerning  the  elevations  as  has 
been  shown  previously.  A  graphical,  presentation  of  the  standard 
error  according  to  formula  (4)  including  toe  measurement  in  arbitrary 
model  points  is  shown  in  Fig.  6. 

For  the  derivation  of  the  error  propagation  formulas  after 
the  absolute  orientation,  toe  elevations  and  toe  coordinates  x  and  y 
are  treated  separately. 
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5.  StaiLdard  erroirs  of  tbe  y-GOofdlQates  of  a  model  fe*- 
sultiag  ffom  the  relative  orieatatioa  only.  Vertical  wide* 
angle  photographs,  about  60  percent  overlap,  dependent  relative 
orientation,  Sq  ^  1* 


a.  The  llevatidns.  We  assume  tiie  relative  orientation 
to  he  performed  and  adjusted  according  to  the  method  of  least  squares 
after  measurements  of  the  y^parallaxes  in  the  six  points.  For  1die 
ahsolute  orientation,  elevation  control  points  are  assimied  to  he  lo* 
cated  in  the  vicinity  of  the  model  points  U,  19,  and  95  (Fig*  2). 

The  model  coordinates  of  these  points  are; 


The  elevation  discrepancies  in  the  control  points  after  a  preliminary 
absolute  orientation  are  defined  as  measured  value  minus  given  value. 
It  must  first  he  noted  Idiat  ^e  discrepancies  consist  of  two  parts, 
viz.,  one,  caused  hy  the  elevation •»measuring  operation  (the  correc* 
tion  of  the  horizontal  parallaxes)  and  then  another  caused  hy  the 
model  deformations  resulting  from  the  elements  of  the  relative  orien* 
tation  and  e3Q)ressed  hy  formula  (5)*  These  two  parts  of  the  eleva* 
tion  discrepancies  are  assumed  to  he  independent  of  each  other  and 
are  therefore  considered  separately. 
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Fig.  6.  ittodard  error  of  residual  y»parallaxes  after  the  rel¬ 
ative  orientation  and  including  the  tneasuremeats  in  arbitrary 
model  points.  Vertical  wide-angle  photographs,  about  6o  per¬ 
cent  overlap,  Sg  1, 

(l)  The  Error  Propagation  from  the  gleyation  Measure¬ 
ments  .  The  elevation  i^asurei^hts  ^^'e  assumed  to  be  of  ^qnnl  4^1-^ 
ity,  A  certain  weight  variation  of  the  elevation  measurements  can 
be  derived  fro®  the  found  weight  variation  of  the  image  coordinates 
(reference  1),  but  more  determinations  of  the  basic  wei^ts  of  the 
image  coordinates  are  desired  before  the  wei^tlng  of  the  measure¬ 
ments  of  the  coordinate  differences  or  parallaxes,  PuBthermore,  the 
stemdard  error  of  unit  wei^t  of  the  parallsoc  measurements  is  deter¬ 
mined  as  an  adjusted  value  from  measurements  in  at  least  9  nnd  pre¬ 
ferably  15  points.  Therefore,  the  wei^t  relations  also  beeome  ad¬ 
justed  to  a  certain  extent,  ^en  sufficient  determinations  of  the 
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weights  of  the  basic  linage  coordiiaates  are  available  It  might  be  of 
interest  to  introduce  weights  also  in  the  measurements  of  differences 
of  projeGted  image  coordinates,  the  inflTjence  of  the  elevation 
measurement  errors  in  the  control  points  upon  the  elements  of  the 
absolute  orientation  can  be  found  from  formula  (8) . 

Applying  this  to  the  three  elevation  control  points  (^9) > 

we  find; 

dh2^1  =  dh^  -  ddf 
dhj^^  =  dho  +  dd| 

dh^^  =  dhQ  +  dbrj  (3o) 

Hence, 


The  corresponding  weight  and  correlation  numbers  are: 


If  the  elevations  of  other  model  points  than  the  control 
points  are  measvffed  simultaneously,  corrections  to  the  measured  data 
csn  be  coiiputed  from  the  results  of  the  corrections  in  the  control 
points,  i/e.,  from  formula  (8)  in  which  the  results  In  formalas  (pi) 
are  substituted  after  the  signs  are  changed.  The  weight  number  of  a 
corrected  elevation  in  an  arbitrary  point  x,y  can  then  be  obtained 
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from  formulas  (8)  and  (52).  The  original  elevation  measurement  in 
the  actual  point  has  the  weight  number  1.  The  standard  error  of  the 
corrected  elevation  in  the  point  x,y  then  becomes: 


Sgh  denotes  the  standard  error  of  unit  weight  of  the  elevation 
measurement  and  is  a  function  of  the  standard  error  of  unit  wei^t 
of  the  Gorresponding  parallax  correction  which  is  assumed  to  be  of 
the  same  magnitude  as  the  correction  or  measurement  of  a  ysparallax. 
Because  the  relation  between  parallaxes  and  elevation  differences  is 

dh  -  I  dp 

the  standard  error  of  unit  weight  Sqj^^  is  found  as 

soh  ^  t  Sq  (5^) 

It  is  asstmied  that  the  same  measuring,  technique  is  used  for  hori- 
zontal  as  well  as  for  vertical  or  y-parallaxes  (preferably  stereo¬ 
scopic  measurements),  otherwise,  the  wei^t  relation  between 
monocular  and  stereoscopic  measurements  must  be  introduced,  usually 
ita. 

if  different  weights  had  been  assigned  to  the  measurements 
of  the  elevations  as  a  result  of  the  wei^t  variations  of  the  image 
coordinates  and  the  reconstructed  bundles  of  rays,  such  weights 
could  have  been  introduced  in  formula  (50),  The  fur-ther  procedure 
is  in  principle  not  influenced  as  to  whether  weights  are  used. 

If  more  points  than  the  minimum  number  three  are  used  for 
the  absolute  orientation,  the  inevitable  discrepancies  must  be 
treated  in  some  well*4eflaed  way.  Again,  if  the  least  squares  prin¬ 
ciple  is  applied,  formulas  (9)  through  (ll)  can  be  used.  T^e  egres¬ 
sions  of  the  acciu'acy  become  cos^aratively  siii^le  if  the  control 
points  are  located  symmetrically  around  the  center  point  of  the  model, 
^en  five  control  points  are  assumed  in  the  positions  55 ^  11^  91;  19; 
and  99,  the  standard  error  of  an  elevation  as  a  result  of  •ttie  eleva¬ 
tion  measurements  only,  would  become  (reference  k)t 
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fhe  chosen  point  eontolnation  is  of  particuiax  practical  importance 
and  is  much  used  in  coruiection  with  cadastral  photogrammetric 
measurements . 


(2)  fhe  Compensation  of  the  Model  Deformations  in 
the  Control  Points  and  the,1^ror  Propagation.  Each  model  point  is 
affected  with  an  ele¥at ion  error  resulting  from  the  relative  orien¬ 
tation  aceording  to  formula  (5).  fhe  errors  in  the  control  points 
can  he  found  after  substitution  of  the  coordinates  >  x  and  y  of  the 
points,  respectively.  These  errors  will  next  fee  compensated  by  the 
elements  of  the  absolute  orientation  and  according  to  formula  (8), 
into  which  the  coordinates  x  and  y  are  sufestltuted.  fhe  compensa¬ 
tion  means  that  in  each  control  point  the  sum  of  the  Influences  from 
the  relative  and  the  absolute  orientation  proced\u?es  becomes  zero* 
For  the  points  11,  19>  and  95  is  found: 


Point 

U: 

U.  -  ddci^  +  -  ddf’ 

=  0 

Point 

191 

M  .  ^  h^  +  b2 

dq>g  +  ddo^  +  dhp  +  dd^'  = 

0 

^  dxg  aozg  + 

V/ 

Point 

95: 

h2 

^  dipg  +  dh^  ♦  bdr)  s  0 

(56) 

fhe  elements  of  •tdie  absolute  orientation  are  denoted  with  a  prime 
minus  sigh  in  order  to  point  out  the  different  meaning  in  comparison 
with  foimilas  (5l)* 


Hence, 


h^  +  b^  ^ 

dhp  s  dbzQ  *  ^  dipg 

I  db  Zn 

dn  =  -  +  ^2 


df’ 


h 

b 


(57a) 

(5Tb) 

(57e) 


lliese  formulas  axe  of  fundamental  in^rtance  for  the  investigation 
of  the  error  propagation  from  the  relative  orientation  after  the 
absolute  orientation  to  the  final  results  of  the  elevation  measure* 
ments  or  to  the  angles  9  and  »  of  the  exterior  orientation. 

The  weight  and  correlation  number  of  formula  (57)  oan  be 
found  as  follows,  according  to  the  definition: 


3Sie  vei^t  and  Gorrelation  nnnibers  of  formulas  (58)  depend  upon  the 
method  of  the  relative  orientation  and  the  numher  and  loeation  of 
the  model  points  used  (fahles  I,  11,  and  v). 


Next,  the  influenee  upon  arhitrary  model  elevations  from 
formulas  (37)  oan  he  found  after  substitution  into  formula  (8)*  But 
still  in  eaqh  point,  the  InfluenGe  of  the  relative  orientation  ac« 
cording  to  formula  (3)  is  found*  Consequently >  the  influence  upon 
the  elevations  in  arhitrary  model  points  from  the  relative  orienta'«‘ 
tion  is  found  from  a  sum  of  formulas  (8)  and  (5)* 


After  formulas  (57)  are  SUhstituted  and  some  rearrangements  dre  made, 
the  following  is  foxind; 


The  weight  numher  is 


(60) 


(61) 


The  standard  error  of  unit  weight  to  he  used  together  with  this 
weight  nuniber  refers  to  the  y^parallax  measurements  ^d  is  denoted 
Sg.  The  final  standard  error  of  the  elevations  can  now  he  found 


from  the  quadratic  svmnnation  of  formula  (33)  and  sj^  =  Sg 


For  the  weight  and  correlation  nu^ers  according  to  Table  II  we  then 
find: 
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Afte?  lising  the  relation  formula  (5*+)  'between  and  Sq^  we  finally 
find; 


If  the  five  points,  55,  11,  91,  I9,  and  99^  had  been  used 
for  the  absolute  orientation,  the  following  influences  of  the  errors 
of  the  relative  orientation  would  have  been  found  upon  the  elements 
of  the  absolute  orientation; 


These  expressions  can  be  derived  after  using  formulas  (9)  through 
(11)  and  after  substituting  the  individual  dh  by  the  corresponding 
formula  (5)  applied  to  the  respective  points. 

After  a  procedure,  identical  to  the  one  Just  shown,  we 
find  the  following  formula  for  the  stemdard  error  of  the  final  ele* 
vations  of  the  model: 


Formulas  (63)  and  (65)  may  serve  as  examples  of  the  stand* 
ard  errors  to  be  expected  from  photogrammetric  elevation  measurements 
under  the  assvmied  conditions.  A  certain  generalization  of  the  form^ 
ulas  is  possible  by  using  root  mean  sq^uare  values  of  the  standard 
errors  over  the  model  surface.  Such  a  root  mean  square  value  can  be 
found  from  the  tecluaique  for  the  determination  of  mean  values  of 
functions  from  the  integral  calculus.  For  the  area  as  defined  by 
the  model  points,  11,  91,  99,  end  I9,  a®d  es^ressed  by  2bd,  the  root 
mean  square  value  of  the  elevation  errors  can  be  found  from 
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Apply  lag  this  formula  to  fomulas  (63)  (65)  we  find  for  the 

examples  Of  three  and  five  oontrol  points: 


fhe  Oorrect  douible  integration  of  formula  (68)  has  been  made  by  Dr. 
Harkln^  6IMRM)A. 

Formulas  (63)  and  (65)  are  graphioally  plotted  for  Sg  =  1 
and  for  wide-angle  photographs,  ahout  60  percent  overlap,  in  Figs* 

7  and  8.  For  many  purposes,  it  is  sxiitable  to  simplify  formulas 

(67)  and  (68)  further  hy  substituting  the  relations  ^  and  ^  of 

D  d 

photographs.  For  wide-angle  photographs  and  about  60  percent  over¬ 
lap  we  find 

Mh3  =  2.2so  (67a) 

=  2,0So 

In  a  similar  way,  as  has  been  briefly  shown,  the  geometri¬ 
cal  quality  of  elevation  measurements  has  been  treated  for  converg¬ 
ent  photographs  in  reference  8.  The  formulas  for  the  final  standard 
errors  of  the  elevations  are  identical  to  those  shown  previously, 
and  therefore,  a  comparison  between  the  standard  errors  of  elevation 
determinations  from  various  Hinds  of  vertical  photography  (normal 
angle,  wide  angle,  and  s\®erwide  angle)  s®d  convergent  photography 
can  be  made.  It  should  be  noted  that  the  relation  between  the  fly= 
ing  altitude  h  and  the  terms  b  and  d  is  influenced  by  the  different 
types  of  photography,  and  that  consequently,  the  density  of  control 
points  on  the  ground  also  becomes  influenced.  Furthermore,  the 
standard  error  of  unit  weight  of  tte  y-parallaxes  must  be  referred 
to  the  same  scale  as  the  standard  error  of  the  elevations.  The  geo¬ 
metrical  quality  of  the  photogrammetric  determinations  of  elevations 
on  the  ground  can  be  determined  from  information  about  the  relation 
between  h,  b,  and  d,  the  number  and  location  of  the  control  points, 
and  the  standard  error  of  unit  weight  of  the  y -parallax  measurements. 


It  is  assumed  that  the  most  important  regular  errors  of  the  photo* 
graphs  and  instruments  are  known  and  have  been  corrected  for.  If 
the  relative  orientation  is  not  strietly  adjusted  according  to  least 
squares^  the  root  mean  squdre  value  of  the  residual  y*parallaxes  of 
the  model  >  as  detemined  from  at  least  9  but  preferably  ij?  points> 
can  be  used  as  a  substitute  for  ttoe  standard  error  of  unit  weight. 
This  means  a  certain  approximation. 

Some  applications  of  the  derived  formulas  to  important 
problems  in  topographic  mapping,  and  to  the  determination  of  the 
geometrical  quality  of  the  final  elements  of  the  exterior  orlenta* 
tion  are  Gonsidered  here* 


b.  The  Coordinates  in  Flanimetry.  In  priaGiple,  the 
procedure  is  applied  to  two  types  of  control  point  distribution,  viz. 
two  points  located  in  the  vicinity  of  the  nadir  points  of  the  model 
(minimum  number  of  points)  j  and  five  points  located  in  the  comers 
and  in  the  center  of  l:he  model.  The  formulas  (6),  (?),  and  (li) 
through  (17)  a,re  vised.  The  two  nadir  points  are 


AlsOj  here  distinction  is  made  between  the  influence  of  the  coordi^^ 
nate  measurements  in  the  model  and  the  model  deformations  caused  by 
the  relative  ortentation. 

If  the  Coordinate  errors  of  1^e  measurements  are  denoted 
dxj^,  dyi,  dxg,  and  dyg,  the  differentials  (corrections)  of  the  ele* 
mehts  of  the  absolute  orientation  can  be  expressed  as  follows: 


t 

Hi 

i 

(70a) 

dyo  ’  •  dyj^ 

(70b) 

db  =  dX]^  *  dx2 

(70c) 

4,1  .  3,2 

da  = 

b 

(70d) 

The  weight  and  correlation  numbers  are: 


(ta  »  -J 

(71c) 

Set  * 

(71d) 

(71e) 

The  standard  errors  of  corrected  x-  ahd  y-coordinates  according  to 
formulas  (12)  and  (13)  are  then 

®x  ^  Sy  ^  ®OG  "  i  ^ 

Sqq  Is  the  standard  error  of  unit  wei^t  of  the  x*  or  y*coordinate 
tteasureaents  in  the  models 

Nextj  the  princij>le  of  compensation  is  applied  to  the 
model  deformation  in  the  control  points.  The  influences  of  the 
errors  of  the  relative  orientation  upon  the  elements  of  the  absolute 
orientation  are: 


It 

o 

(73a) 

dbyg  V 

ayo  •  -r*  ♦  I  **8  '  t 

(73^) 

db  ^  hdip  2 

(73c) 

dc^ 

(73d) 

^e  total  influence  upon  the  model  coordinates  of  the 
errors  of  the  relative  orientation,  including  the  compensating 
effect,  is  as  follows: 


After  "ttie  general  law  of  error  propagation  is  applied  to  the  preced*- 
ing  formulas,  the  weight  and  correction  numbers  of  Table  II  are  used 
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Fig*  9‘  StaJidard  errors  of  the  final  x-coordinates  after  abso 
lute  orientation  in  the  points  I5  and  95*  Wide-angle  photo¬ 
graphs,  about  60  percent  over lap,  Bq  =  1, 


y 


Fig,  10.  Standard  errors  of  -fee  final  y»coordinates  after  ab¬ 
solute  orientation  in  the  points  15  and  95.  Wide-angle  photos 
graphs,  about  60  percent  overlap,  sq  =  1, 


8uid  if  tke  stSjidaM  errors  of  unit  weight  of  y-parallaa  measurements 
and  of  model  coordinate  measurements  are  assvuned  to  he  of  tiie  same 
order  of  mapiltude,  ^e  following  formulas  are  obtained  for  the 
standard  errors  of  the  final  x-  and  y-coordlnates  under  the  actual 
conditions : 


Formulas  (76)  and  (77)  are  shown  graphically  in  Figs*  9 
and  lo  for  wide-angle  photographs,  60  percent  overlap,  and  Sq  - 
From  i^e  dleigraB^,  the  following  root  mean  square  values  of  the 
standard  errors  can  he  found; 

Mx  ^  1.6sq  (78) 

My  ^  1.7S0  (79) 

For  five  control  points  located  In  the  vicinities  of  the 
model  points,  11^  91^  19#  aud  99#  formulas  (ih)  ’^rou^  (17)  are 
used  for  the  unique  determination  of  the  influences  of  the  errors  of 
the  relative  orientation  and  of  the  measurements  of  the  model  coord* 
inates  upon  the  elements  of  the  absolute  orientation  and  then  upon 
the  final  coordinates*  The  procedure  is  similar  to  the  one  sho>m 
previously  for  two  points,  only*  The  final  formTd.as  for  the  stand* 
ard  errors  of  the  x*  and  y*coordinates  are  sho^  here*  Some  minor 
errors  in  the  original  formulas  have  been  discovered  by  Dr.  I^kin, 
GBffiADA,  and  are  corrected  as  follows: 
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Fig.  11.  Stajadard  errors  of  tke  x-Goordinates  after  absolute 
orientation  in  the  points  55,  ll>  9I,  I9,  and  99»  Wlde<-angle 
photographs,  about  60  perGent  overlap,  Sq  =;»  1* 


Fig.  12.  Standard  errors  of  the  ysGoordinates  after  absolute 
orientation  in  the  points  55?  11?  91?  19?  and  99*  Wide<^ajngle 


errors  mder  operational  Gonditions  and  that  the  regular  errors  are 
Gorreeted  for  up  to  the  toleranGe  limits  aGGording  to  the  irregular 
errors.  It  is  further  assumed  that  the  latter  errors  are  normally 
distrihuted  at  least  at  the  5  pereent  eonfidenee  level.  Moreover, 
if  the  relative  and  the  ahsolute  orientations  are  treated  as  previ¬ 
ously  stated,  i.  e.,  in  partiGialar,  the  inevitable  diSGrepanGies  of 
these  operations  are  adjusted  aeeording  to  least  squares,  the  aeGur- 
aoy  of  the  final  results  ean  be  ej^ressed  in  terms  of  the  standard 
error  of  the  y-parallax  observations.  With  some  approximation  the 
root  mean  square  values  of  l^e  residual  y-parallaxes  after  Ae  abso¬ 
lute  orientation  ean  be  used  for  the  aGeuraGy  determination. 

As  is  showa  here ,  the  derived  formula  systems  Gan  be  used 
for  the  treatment  of  important  praGtiGal  problems  in  GonneGtion  with 
the  planning  of  aerial  photography  and  determinations  of  the  neoes- 
sary  density  of  ground  Gontrol  under  Gertaln  requirements  GOnGerning 
the  final  aeGuracy  in  elevation  and  planimetry.  Furthermore,  the 
aGGuraey  of  the  elements  of  the  exterior  orientation  can  be  deter¬ 
mined  theoretiGally  and  uniquely,  fhis  determination  is  of  great 
importanee  beGause  photogrammetrie  methods  frequently  are  used  for 
tests  of  other  methods  for  the  determination  of  the  spaee  coordi- 
nates,  e.  g.,  of  aliplanes.  In  suGh  tests,  the  aGGiiracy  of  the 
Gheeking  method  must  be  well  kno^.  Before  these  appliGations  are 
discvissed,  some  results  of  praetiGal  tests  of  the  formulas  derived 
previously  are  shown. 

The  most  important  tests  were  performed  in  GonneGtion  with 
the  Gontrolled  experiments  within  the  International  SOGiety  of 
Fhotogrammetry  during  the  period  1956  through  i960.  From  series  of 
y-parallax  measurements  in  GonneGtion  with  the  praGtieal  photogram- 
metriG  plotting  and  coordinate  determination,  the  acGuraGy  to  be  ex- 
peoted  in  the  finad  results  was  predicted  by  the  Subeommission  IV :h. 
The  tests  were  applied  to  large-scale  plotting  after  aerial  photog¬ 
raphy  of  rugged  terrain  from  a  comparatively  low  altitude  (SUbcom- 
mission  IV:i  I.S.F. ),  as  well  as  to  small-scale  mapping  after  photog 
raphy  from  high  altitude  (8,000  m,  SubGommission  IV: 3).  The  results 
of  the  tests  are  presented  in  the  report  from  SubGommission  IV:h  at 
the  London  Congress  in  i960  (reference  5) .  The  agreement  between 
the  predictions  according  to  the  theoretical  formulas  and  the  pract¬ 
ical  results  were  astonishingly  good.  The  diBcrepanGles  were  found 
to  be  well  within  the  tolerance  limits  at  the  5  percent  level,  and 
the  theory  behind  the  formulas,  therefore,  became  verified.  This 
means  idiat  comparatively  simple  y-parallax  measurements  can  be  used 
for  a  good  check  on  the  accuracy  to  be  expected  from  photograimnetric 
plotting  under  assixsed  conditions. 

F\»rbher  checks  have  been  made  in  different  connections. 

In  particular,  one  made  within  62MRADA  follows. 


For  certain  tests,  elevatidn  measurefllents  nad  been  tnade  in 
a  great  numben  of  check  points  in  2'k  wide=angle  models  i  Ihe  resid= 
ual  y^iparallakes  had  also  been  measured  in  9  points  of  each  model. 
The  y*parailax  measurements  were  made  available  and  a  root  mean 
square  value  of  9  microns  was  determined.  In  eac4  model,  four  con* 
trol  points  had  been  used  for  the  absolute  orientation.  A  theoreti* 
cal  investigation  was  made  conceiving  the  error  propagation  under 
the  actual  conditions,  and  the  root  mean  square  value  of  the  errors 
to  be  es^ected  in  the  final  elevations  was  coic^uted  as  a  function  of 
the  root  mean  square  value  of  the  residual  y^parallaxes *  The  fol¬ 
lowing  formula  was  found: 

Mn  =  2.OSjjj0  s 

Where  is  the  root  mean  square  value  of  the  elevation  errors  to 
be  expected; 

s^^  is  the  root  mean  square  value  of  the  y-parallaxes  (the 
standard  error  of  unit  wei^t  of  the  y»parallaxes  if  a 
strict  adjustment  had  been  made)  on  the  scale  of  the 
photographs ; 

S  is  the  scale  factor  of  the  photographs ,  i »  e . >  ^  where  h 
is  the  flying  altitude  and  c  is  the  camera  constant. 

Here,  the  scale  factor  S  was  18,000  end  the  ea^^cted  value  of  %  be » 
came,  consequently: 

Mn  s  2.0  X  9  X  18,000  microns  =  0.32b  m 

The  confidence  limits  at  the  5  percent  level  are  0.19b  through  0.9b0 
m.  The  root  mean  square  value  of  the  elevation  discrepancies  in  a 
great  number  of  check  points  was  found  to  be  0.3bb  m.  The  agreement 
between  theory  and  practice  is  consequently  very  good,  and  another 
practical  verification  of  the  theoretical  laws  of  error  propagation 
has  been  obtained. 

Even  if  there  are  a  great  number  of  similar  verifications, 
all  showing  a  good  agreement  between  theory  and  practice,  still  more 
practical  tests  are  desirable.  It  is  always  advisable  to  measure 
the  residual  y-parallaxes  independently  in  connection  with  practical 
photogrsumnetrical  work  and,  in  partici^ar,  in  connection  witti  ordi¬ 
nary  photogrammetric  tests. 

5.  gummary  of  Fprmxilas  for  the  Standard  Errors  in  Planimetry 
and  Elevattbh  of  Various  Methods  of  Photogrammetric  Triangulation. 
Similar  priheiples  as~  have  beeh'e^lied  previously  for  the  derl’m- 
tion  of  formulas  for  the  geometrical  quality  is  planimetry  and  ele¬ 
vation  from  single  models  can  be  used  for  investigations  of  the 
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geometrical  quality  of  the  results  of  various  methods  for  photo^ 
granaetric  trlangulatiohi  Necessary  prerequisites  have  heen  clearly 
Stated  and  are  summarized  herei  The  fuhdamental  operations  must  he 
carefully  investigated  and  tested  for  the  distinction  between  regu** 
lar  and  irregular  errors.  The  irregular  ones  are  to  be  estimated  as 
standard  errors  of  unit  weight  according  to  the  method  of  least 
sqiiares.  The  residuals  after  the  adjustments,  from  which  the  stand¬ 
ard  error  is  computed,  must  be  normally  distributed  at  a  reasonable 
level,  usually  5  percent.  Discrepancies  in  available  conditions > 
primarily  those  of  the  relative  orientation  shall,  in  principle,  be 
adjusted  aGGordlng  to  the  method  of  least  squares.  It  is  further 
assumed  that  the  elevation  differences  of  the  ground  are  moderate 
and  that  the  aerial  photography  is  made  under  normal,  imiform 
conditions . 

Here,  we  distinguish  between  three  methods  of  photogram- 
metric  triangulation  which  are  of  practiGal  importance  (reference  6) 

a.  Ordinary  Aerial  Triangulation .  No  auxiliary  informa¬ 
tion  Goncerning  the  elements  of  the  exterior  orientation  is  assumed 
to  he  available*  For  wide-angle  photographs  and  60-percent  overlap 
the  standard  errors  in  planimetry  and  elevation  can  he  expressed  by 
the  following  formulas. 

(1)  Oantilever  Extension . 


S' 


S' 


s 

Only  the  first  model  is  assumed  to  be  absolutely  oriented  with  con¬ 
trol  points. 

n  is  the  n®£ber  of  models  after  the  first  one; 
h  is  the  flying  altitude; 
c  is  the  camera  constant;  and 

Sq  is  idle  standard  error  of  unit  weight  of  the  y-parallaxes 
and  ii^e  coordinates. 


-o|| 

j  ^(UnB  +  63n^  -  10 

n  +  12) 

j  ^(ivnB  +  39a2  .  3 

to  +  39) 

-  Sg  V  n3  +  6n^  -  lOn  +  33 


In  falsie  VI,  some  examples  of  the  standard  errors  are  shown  under 
welladefined  assumptions.  T^e  standard  errors  in  planimetry  are 
presented  as  radial  standard  errors  hut  the  possihle  GOrrelation  is 
not  taken  into  account. 


fable  VI »  Standard  Errors  in  Planimetry  and  Elevation 
after  Cantilever  Extension; 

Wide-Angle  Photographs,  60 -Percent  Overlap 


Number 

of 

Models 

n 

Standard  Errors 
j  on  the  Scale  of 
the  Photographs 
for  So  =  1 

Standard 
for  So  = 

and  h:C 

Errors 
O-.Ol  mm 

=  20. 000 

friaagulated 

Distances 

Met 

e  r  s 

^p(jy) 

^2 

Kilo¬ 

meters 

Miles 

3 

11.19 

9.17 

2.2 

1.8 

3.7 

2.3 

15.82 

12.37 

3.2 

2.5 

5.5 

3.1 

5 

20.37 

16.06 

1.1 

3.2 

7.1 

1.5 

6 

25.11 

20;i2 

5*0 

1.0 

9.2 

5.7 

7 

30. 10' 

25. 18 

6.0 

5.1 

11.0 

6.8 

8 

35.^5  ^ 

29.13 

7.0 

5.9 

12.9 

8.0 

9 

10.59  ' 

31.03 

8.1 

6.8 

11.7 

9.1 

10 

16.11 

39.15 

9.2 

7.8 

16.6 

10.3 

15 

76.18 

67.88 

15.2 

13.6 

25.8 

16.0 

20 

110.06 

101.16 

22.0 

20.2 

35.0 

21.8 

25 

117.39 

138.11 

29.5 

27.7 

11.1 

27.1 

50 

377.^ 

373. 5I 

75.5 

71.7 

90.2 

56.0 

In  long  triangulation  strips,  longer  than  at  least  10 
models,  the  arc  sine  law  becomes  aetuai.  This  law  states  ■^at  even 
if  there  are  Only  irregular,  normally  distributed  errors  in  the 
basic  observations  of  the  aerial  triangulation  the  errors  in  plani¬ 
metry  and  elevation  along  the  strip  may  show  apparent  systematic  or 
regular  variations .  These  are  caused  by  the  correlation  in  the  sum¬ 
mation  and  are  not  regular  errors  caused  by  regular  spurees  of  errors 
Sometimes,  therefore,  the  irregular  errors,  e?^ressed  as  standard 
errors  according  to  Table  VI,  may  be  considerably  influenced  by  the 
apparent  regular  errors  according  to  the  arc  sine  law  in  long  strips. 
Therefore,  even  if  the  standard  errors  theoretically  would  amount  to 
the  figm’es  shown  in  this  table,  the  discrepancies  found  in  practice 
from  a  long  triangulation  strip  can  deviate  more  from  llie  theoreti¬ 
cal  values  than  the  confidence  limits  aUow,  Itoder  all  circvimstances 
it  is  advisable  to  keep  triangulation  strips  between  control  points 
below  10  models  because  of  the  Jvist  mentioned  arc  sine  law.  It 
should  also  be  remeifljered  that  the  previous  formulas  were  obtained 


under  well-defined  conditions  and  that  some  approximations  have  been 
used. 

(2)  Bridging*  'fbe  bridging  is  made  between  two 
groups  of  control  points  at  the  ends  of  the  strip. 

According  to  reference  6,  the  standard  errors  in  plani¬ 
metry  and  elevation  can  be  expressed  by  the  following  formulas  >  which 
have  been  derived  under  well-defined  conditions  and  with  certain 
approximations . 


8X  -  So  “ 

1/  p(a^p) 

|2p(n-p)  4^  ij 

r  3h 

,  /  ip(n-p 

sy  -  So  ^ 

/  n 

In  these  formiiLas,  the  strip  is  assumed  to  consist  of  the  photographs 
-1,  0,  +1,  2...**....  n-1,  n,  n+1 

The  control  points  are  located  in  the  models  -1,  0>  and  n,  n+1,  and 
p  is  the  notation  for  an  arbitrary  model,  the  standard  errors  of 
which  are  to  be  determined.  The  other  notations  are  identical  with 
the  notations  used  in  the  cantilever  extension  method. 

In  Table  VII,  the  previous  formulas  are  numerically  cal¬ 
culated  for  some  values  of  the  coefficients,  ihe  standard  error  in 
planimetry  is  expressed  as  a  radial  standard  error  but  no  attention 
is  given  to  the  possible  correlation  between  x  and  y. 

Also,  here  the  arc  sine  law  must  be  remembered.  Triangu- 
lations  over  more  than  10  models  may  be  influenced  by  the  correlation 
in  cormection  with  the  summation  of  the  errors  from  the  fundamental 
operations.  The  confidence  intervals  eayn  be  determined  by  statist¬ 
ical  methods  for  certain  levels  and  with  respect  tO  l^e  number  of 
observations  in  the  determLnation  of  the  basic  standard  errors  of 
unit  weight, 

b,  Independent  Model  Triangulation .  In  this  form  of 
trieuagulation,  the  iMlvldu^  models  are  leT^^  with  the  aid  of 
available  control.  The  triangulation  is  performed  throu^  a  series 
of  planimetry  coordinate  transformations  from  model  to  model.  Only 


Talale  VII  *  Standard  Errors  In  Planimetry  and  Elevation 
after  Bridging^  Referred  to  the  Middle  of  the  Strip 


Nuinber 

of 

Models 

Standard  Errors 
on  the  Scale  of 
the  Photographs 
_for  Sq  =  1 

Standard  Errors 
for  So  =  0.01  mm 
and  h:c  =  20,000 
Meters 

friangulated 

DistanGes 

n 

Sz 

BiRI 

BH 

k 

3.87 

3a2 

0.8 

0.6 

5.5 

3.4 

5 

5.13 

3.84 

1.0  : 

0.8 

7.4 

4.5 

6 

6.52 

4.64 

1.3 

0.9 

9.8  ' 

5.7  : 

1 

8.05 

5.51 

1.6 

1.1 

11.0 

6.8  ! 

8 

9*70 

6.46 

1.9 

1  1.3 

12.9 

8.0  ■ 

9  ^ 

13 

11.46 

7.47 

2.3 

1.5 

14.7 

9.1 

10 

13 

13»32 

8.54 

2.7 

1.7 

16.6 

10.3  i 

15 

18 

34.06 

14.76 

4.8 

3.0 

25.8 

16.0 

30 

23 

36.81 

33.31 

7.4 

4.4 

35.0 

31.8  , 

35 

38 

51.30 

30.70 

10.2 

6.1 

44.1 

27.4 

50 

53 

85.51 

38.9 

17.1 

90.2 

56.0 

coordinates  in  planimetry  are  to  he  determined  through  this  form  of 
triangulation.  Also,  here,  distinction  is  made  hetween  cantilsver 
extension  and  bridging,  ^e  following  formiilas  have  been  derived 
(reference  6) : 


(1)  Cantilever  Extension, 


Sx  ^  Sq  &  y  \  +  5^  n^  +  6l  n  +  3) 


Sy  =  So  I  ^  ^  (10  n3  +  6  n2  +  50  n  +  I8) 


(3)  Bri^teS. 
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The  notations  are  identical  with  those  used  in  the  discussion  of 
ordinary  triangulation  just  given. 

c.  Numerical  Radial  Triangulation.  For  a  numerical 
radial  triamgulation  according  to  reference  6,  the  error  propagation 
has  heen  derived  for  cantilever  extension  and  for  hridging.  Here^ 
the  basic  standard  error  of  unit  wei^t  refers  to  the  image  coordi» 
nates  and  furthermore >  the  radial  distortion  in  the  photographs  is 
of  limited  importance  for  the  accuracy  of  the  triangulation  results  ^ 
It  must  be  assumed,  on  l^e  other  hand,  that  the  inellnations  of  the 
photographs  are  sufficiently  sinall  so  bhat  the  Influence  upon  the 
image  coordinates  can  be  neglected.  This  condition  can  be  checked 
in  connection  with  the  measurements  of  the  image  coordinates  through 
determination  of  the  y^parallaxes  between  adjacent  photographs . 

From  the  y-parallaxes  the  inclination  differences  between  the  photo¬ 
graphs  in  a  strip  can  be  determined  and  taken  into  account  if  neces¬ 
sary.  The  nadir  point  or  the  isocenter  can  be  determined  or,  still 
more  suitable,  numerical  corrections  to  the  measured  image  coordi¬ 
nates  Can  be  computed  from  the  determined  inelinations  and  inelina- 
tion  differences,  ^e  simplest  method  is  to  use  a  mirror  stereo¬ 
scope  and  a  parallax  bar  for  -tdie  basic  parallax  measurements. 

Through  such  simple  methods  the  requirement  on  sufficient  vertical- 
ity  can  usually  be  fulfilled  for  the  following  formula  systems : 

(l)  Cantileyer  Extension. 


(2)  Bridging. 


Ej^eriments  have  proved  that  the  standard  error  of  unit 
weight;  which  in  principle  should  refer  to  image  coordinates,  can  be 
referred  to  the  y-parallaxes  and  can  be  determined  in  cormeetion 
with  the  measirrements  of  such  parallaxes  for  the  determination  of 


the  Inclination  differences.  Consequently,  the  theory  of  errors  of 
the  relative  orientation  can  he  applied  here  also>  althou^  in  a 
limited  sense  *  leeause  a  comhination  hetween  stereoscof ic  measiU’ing 
methods  and  radial  methods  is  assumed,  the  actual  triangiilation 
method  has  been  denoted  stereoradial  triangulation ^ 

Petefflination  of  the  Accuracy  of  the  Elements  of  the 
Exterior  Orientation  after  Double-Point  Resection  in  Space. 

a-  The  Influence  of  the  Relative  and  Absolute  Orienta-* 
t ion  f rocedures  *  From  the  basic  formulas  derived  pfeviously,  the 
accuracy  of  the  elements  of  the  exterior  orientation  can  be  deter* 
mined.  The  accuracy  will,  of  conrse,  depend  upon  the  number  of  con* 
trol  points  and  their  locations.  The  derivation  is  referred  to  the 
minimum  number  of  controd  points  and  locations  as  assumed  previously* 
Derivations  of  the  final  accuracy  for  other  combinations  and  loca* 
tions  of  control  points  can  be  made  according  to  the  same  principles. 

^  ^  The  final  values  of  the  angles  9  and  a  are  denoted  93.  ®1 
and  9g  respectively,  The  final  values  of  the  three  space 
coordinates  of  the  ejqposure  stations  are  denoted  X^,  2,^  and  Xg, 

Yg,  Zg,  respectively.  For  the  determination  of  the  accuracy,  the 
differentials  of  these  data  only  are  of  interest.  The  values  of  the 
preliminary  results  of  the  reseetion  in  space  can  be  determined  with 
the  aid  of  the  scales  of  the  instrument  or  from  numerical  calculations. 

According  to  Pigs.  1  and  2  and  because  the  relative  orien* 
tat  ion  is  assximed  to  be  made  according  to  the  dependent  procedure, 
the  following  relations  are  Immediately  found: 


d9]^  -  “  dq 

(83) 

dspg  ^  d9g  ”  dq 

(81) 

doi^  =  d§ 

(85) 

dc^  =  dug  +  d§ 

(86) 

Next,  the  egressions  for  dq  and  d|  are  substituted  from  formulas 
(51)  and  (57). 


dhii  "  ^19 
gb  b 


dbZg 

=1^ 
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(87) 


^19  -  h  .. 


%9  ‘  %1  h  ... 
id  b  ^*'2 


f]ae  standard  errors  of  the  angles  are  now  found  from  the  laws  of 
error  propagation,  ^e  standard  error  of  is  derived,  e.  g. 

We  find: 


S».  =  S  ,  +  S. 

91  Oh  2\)^  ° 


h  '%z^2 


to  Tahle  II  and  formula  we  find 


91  °  ^ 


i  the  foUowing  is  found; 


^  ®o  f 


J-  +  ^  +  M 

3b®  ad®  I?* 


s-  =  Sn  r- 


2d? 


For  five  elevation  control  points  the  following  formulas  are  found: 


Tl  92  °  I* 


'  1  ^ 
SdS  b®' 


S—  =  S-»  ??  s«  ^ 

«!  0^  b 


3b-  l6d^  Ivd^ 


Concerning  the  three  space  coordinates  of  each  ei^sure 
station,  we  have  the  differential  relations  (Figs.  1  and  2  and 
reference  9): 


6X2  =  **■ 

dYi  ^  dyg,  -  hd§  (98) 

^^2  =  dyo  *  +  ^dot  (99) 

dZ]^  =  d^Q  (loo) 

dZg  =  diiQ  +  1#)  -  dbzg  (101) 


Fpf  six  orientatioja  points  for  the  relative  orientation  and  minimum 
numter  of  control  points  (two  in  planimetiy  ^d  three  in  elevation) 
in  the  locations  previously  assumed,  we  find  from  forniulas  (5l)> 


(57),  (to), 

and  (73): 

dXp  =  “dxj^ 

‘  M  ^^^95  ‘  ^11 

“  dhp^)  »  hd^Q  +  ^  dbzg 

(102) 

dXg  =  “dxg 

-  ^  (2dh^5  -  6h^^ 

“  dh^^)  +  1  dhzg 

(103) 

dYi  =  ^dy]_ 

■  m  •  *ii) 

.  h  ^  .  2h^+h^  .  ^^72 

+  2  2h  ^’^2+1 

(101+) 

dy2  ss  -dyg 

-  &  -  %l) 

.  ,2  dby« 

1 H  *  r  *^2  + 

(105) 

dZj^  =  i  (dhp2.  +  dhj^^)  +  dbzg  « 

h^  +  , 

(106) 

dZg  =  dh^^ 

,,  ifi  , 

-  abZg  ^  dfg 

(107) 

The  standard  errors  of  the  space  coordinates  are  llien  found  with  the 
aid  of  the  general  law  of  error  propagation.  The  weight  and  corre«- 
lation  numhers  of  the  elements  of  the  relative  orientation  are  oh*^ 
tained  from  Table  II,  For  the  coordinate  X]_  we  find: 
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where 


®oe 


is  the  standard  error  of  mit  wei^t  of  the  model  coordinate 
measurements; 

hT 


is  the  standard  error  of  unit  weight  of  the  model  elevation 
measurements;  and 

Sq  is  the  standard  error  of  unit  weight  of  the  y««parallax 
measurements . 

When  the  following  as sumptions  are  introdueed 

®oc  “  ®o 


S  -  h  . 

®oh  "  f  ®o 

the  following  expressions  for  the  standard  errors  of  the  coordinates 
of  the  exterior  orientation,  resulting  from  the  relative  and  absolute 
orleatatlon,  are  found; 


The  differences  between  the  standard  errors  of  the  Y-*  and  Z«eoordinates 
of  the  expOsiire  stations  1  and  2  are  caused  by  the  assumed  number  and 
locations  of  the  control  points.  Similar  derivations  c^  be  made  for 
arbitrary  conditions, 

b .  The  Influence  Qf  the  Elements  of  the  Interior  Oriental 
tion  of  Cameras  ahd~  Fro  jectdrs .  In  referehce  17  the^ t^ 
df^the  interior  orlentatibh  has  been  discussed  and,  in  particular, 
the  standard  errors  of  the  elements  of  the  interior  orientation  have 
been  derived  from  the  calibration  proeedure,  A  well,4efined  proce» 
dure  for  the  calibration  is  necessary  for  the  determination  of  'toe 
actual  stsffldard  errors  as  functions  of  toe  standard  errors  of  unit 


weight  of  the  Image  coordinates.  From  the  derivations  made  in 
reference  1,  the  following  standard  errors  were  found  for  the  prin¬ 
cipal  distance  and  the  image  coordinates  of  the  principal  point: 
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(111+) 


The  standard  errors  of  the  angles  9'  and  of  the  image  from  the 
calibration  procedure  were  found  to  be 


’  e  5 

=  ®co'  =  ^0  t 

In  these  formulas  is  the  standard  error  of  unit  weight  of  tiae 
image  coordinates  as  determined  according  to  the  method  of  least 
squares  from  an  adjustment  of  discrepancies  in  points  on  a  eircle 
with  the  radius  r'  around  the  principal  point  and  one  point  in  the 
vicinity  of  the  principal  point.  When  the  formulas  are  applied  to 
aerial  photographs  taken  under  operational  conditions)  the  standard 
error  of  unit  wei^t  should  refer  to  tests  under  such  conditions. 


It  should  be  noted  that  the  final  camera  constant  (cali¬ 
brated  focal  length)  is  determined  after  a  correction  in  order  to 
make  the  radial  distortion  zero  along  a  circle  around  the  principal 
point  with  the  radius  r^  (the  zero  distortion  radius).  The  correc¬ 
tion  is  computed  from  the  expression 


dc  =  dr ' 

^o  ° 

The  standard  error  of  the  radial  distortion  amount  is  about 

the  conditions  assumed  in  reference  1  concerning  the  number 
and  the  like.  The  standard  error  of  formula  (117)  is: 

gp  c 
gdc  2  r* 

c  ip 

The  standard  error  of  the  correction  dC)  therefore,  is  dependent 
upon  the  radius  of  the  circle  to  be  chosen  as  zero-circle  concerning 
the  radial  distortion.  This  depends  upon  the  shape  of  the  radial 
distortion  curve  and,  consequently,  also  upon  the  optical  system  of 
the  camera  (sometimes  also  upon  the  optical  system  of  the  plotting 
instrument).  Therefore,  because  the  standard  error  of  the  correction 
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obvioiisly  is  comparatively  small  in  compariBon  with  other  standard 
errors  of  the  interior  orientation^  it  is  neglected  here. 

The  standard  error  of  the  coordinates  Of  the  principal 
point  in  the  system  of  the  fiducial  marks  is  also  affected  with 
errors  resulting  from  the  measurements  in  the  fiducial  marks.  We 
assume  here  that  the  standard  errors  of  these  measurements  are  of 
the  same  ma^itude  as  Sq.  Fxirthermore  ^  the  standard  errors  of  the 
elements  of  the  interior  orientation  are  transferred  to  the  elements 
of  the  exterior  orientation  with  the  scale  factor  of  the  photographs 
h 
c 


The  standard  errors  of  the  elements  of  the  exterior  orien¬ 
tation  caused  by  the  elements  of  the  interior  orientation  are  conse¬ 
quently,  with  minor  approximations : 
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Further,  we  have 


Formulas  (ll8)  through  (120)  refer  to  the  photographs  only  and  are 
therefore  to  be  used  in  analyticsLl  determinations  of  the  elements  of 
the  exterior  orientation.  If  conventional  plotting  instruments  are 
used  for  the  purpose,  the  influence  of  the  errors  of  the  projectors 
of  the  instruments  has  to  be  tahen  into  account.  When  the  same  cal¬ 
ibration  procedure  is  assumed  to  be  applied  to  the  projectors  as  to 
the  cameras  (the  grid  method),  the  influence  of  the  errors  of  the 
calibration  procedure  upon  the  elements  of  the  exterior  orientation 
become  of  the  same  type  as  has  been  shown  previously  concerning  the 
camera  (photographs)  in  formulas  (118)  through  (120).  According  to 
experience  from  practical  tests  (references  1,  i,  and  5)  the  st^d- 
ard  errors  of  unit  wei^t  seem  to  be  of  the  same  order  of  magnitude, 
for  the  photographs  as  well  as  for  the  projectors,  but  great  varia¬ 
tions  may  occur  in  photographs  and  instruments  used  in  practice.  It 
is  most  liportant  t^t  practical  tests  of  the  basic  acein*acy  be  made 
of  all  cameras  (photographs)  and  plotting  ioBtruments  to  be  used  for 
the  determination  of  the  accuracy  of  the  elements  of  the  exterior 
orientation . 

In  order  to  derive  the  final  formulas  for  the  accuracy  of 
the  elements  of  the  exterior  orientation,  it  is  necessary  to 
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distinguish  between  measurements  in  stereoGomparators  and  analytical 
Calculations,  on  one  hand,  and  measurements  in  stereoscopic  plotters. 
On  the  other i  In  the  latter,  the  errors  of  the  projectors  must  also 
be  Included  in  the  formulas.  The  standard  errors  expressed  by  form* 
ulas  (118)  through  (120)  will,  under  the  assumptions  previously  made, 
be  multiplied  by  yj%  for  the  second  method.  ®ae  final  standard 
errors  of  the  elements  of  the  exterior  orientation  after  measurements 
in  a  stereoscopic  plotter  can  now  be  expressed  as  follows: 


In  a  similar  way,  the  standard  error  of  the  direction 
(azimuth)  of  the  base  can  be  determined.  We  find 


According  to  practical  experience  from  tests  in  connection 
with  Calibrations j  tbe  standard;  errors  of  unit  weight  of  the  image 
coordinates  Sq  and  of  the  y^parallaxes  Sq  can  be  treated  as  approxi* 
mately  equal,  and  consequently,  formulas  (I2l)  through  (I29)  can  be 
simplified^  Under  this  assumption,  the  numerical  values  of  the 
standard  errors  as  shown  in  Table  VIII  have  been  computed,  distinc¬ 
tion  has  been  made  between  three  types  of  photographs,  viz.,  normal 
angle,  wide  angle,  and  superwide  angle*  The  camera  constants  are 
210  mm,  153  mm,  and  88  mm,  respectively,  and  the  image  formats  I80 
by  180  mm,  230  by  230  mm,  and  230  by  230  mm.  The  following  values 
of  r'  have  been  assumed!  120  im,  153  and  li4-6  nmi,  respectively. 
The  standard  errors  of  unit  weight  of  the  y-parallaxes  and  of  the 
image  Coordinates  have  been  obtained  from  different  sOiurces .  For 
the  normal  and  wide-angle  photographs  primarily,  the  results  from 
the  International  Controlled  E^eriments  from  1958  through  I960,  as 
reported  la  reference  5,  have  been  used  in  addition  to  the  results 
of  tests  from  1952  through  1958,  as  reported  to  the  Sub -commission 
IV  at  the  Stockholm  Congress  for  photogrammetry  in  1958.  The  stand¬ 
ard  errors  of  unit  weight  are  0.004  and  0.006  mm,  respectively.  For 
superwide -angle  photographs  there  are  only  a  few  practical  tests  of 
the  y-parallaxes  available.  The  standard  error  of  unit  weight  to  be 
used  in  Table  VllI  is  O.OlO'  mm  and  has  been  obtained  during  some 
test  measurements  within  GlMliffiA.  It  should  be  emphasized  that  the 
standard  error  of  unit  weight  can  be  used  only  under  the  condition 
that  the  orientation  is  adjusted  according  to  the  method  of  least 
squares.  If  empirical  adjustment  according  to  usual  methods  is  used, 
the  standard  error  of  unit  weight  should  be  substituted  by  the  root 
mean  square  value  of  the  residual  y-parallaxes  as  determined  from  at 
least  nine  but  preferably  15  points.  Practical  es^erience  has  indi¬ 
cated  that  the  root  mean  square  value  usually  is  about  twice  the 
standard  error  of  unit  weight.  The  figures  of  this  table,  therefore, 
should  be  regarded  to  show  the  highest  quality  to  be  ej^ected  in  the 
determination  of  the  elements  of  the  exterior  orientation  from  double 
point  resection  in  space  uuider  assumed  conditions.  It  is  always  ad¬ 
visable  to  measure  and  record  ^e  residual  y-parallaxes  after  the 
absolute  orientation  has  been  finished.  The  standard  errors  of  the 
angles  are  given  in  units  of  centesimal  minutes  (^) .  If  Sq  is  given 
in  units  of  millimeters,  the  standard  errors  of  the  angles  are  ob¬ 
tained  in  units  of  centesimal  seconds  (*?<?)  of  which  there  are  100  to 
a  minute  (8) , 

For  a  certain  flying  altitude  the  wide-angle  photographs 
give  the  best  results,  except  for  the  flying  altitudes,  where  the 
superwide -angle  photographs  are  better.  It  should  be  emphasized 


again  titiat  Uae  standaM  error  of  unit  weight  of  superwide ^aagle 
photographs  shouid.  he  better  determined. 


fable  VIII.  Standard  Errors  of  the  Elements  of  the 
Exterior  orientation  after  Double -^Point  Resection 
in  Space  in  a  First-Order  PhotograiDinetrlc  instrument 
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7 •  Determination  of  the  Accuracy  of  the  Elements  of  the 
Exterior  Orientation  after  Single-Point  Resection  in  Space .  For 
cbmpletehess  sake,  the  formulas  for  the  aecuraGy  of  the  elements  of 
the  exterior  orientation  after  single-point  resection  in  space  are 
summarized  here,  fhe  principles  of  the  derivation  have  been  used 
in  references  9  and  iQ.  fhe  basic  differential  formulas  for  the  re¬ 
lation  between  small  errors  of  the  elements  of  the  exterior  orienta¬ 
tion  and  the  corresponding  errors  of  the  projected  coordinates  are 
well  known  and  have  been  shown  in  formulas  (l)  and  (2).  These 
formulas  are  applied  to  three  points  with  the  following  coordinates: 


X]^  =  a 

Xg  =  -  a 

x^  -  -  a 

71-0 

yg  =  «  a 

73  -  a 

Through  a  preliminary 

resection  : 

the  exterior  orientation  are  assumed  to  have  been  rather  well  deter¬ 
mined  and  only  small  discrepancies  remain.  The  six  equations,  which 


dan  be  formed  with  tbe  aid  of  the  six  doordinates)  dan  be  solved  in 
a  general  manner,  and  the  eorreetions  of  the  elements  of  the  exterior 
orientation  dan  be  expressed  as  linear  fundtions  of  the  disdrepandies ^ 
Then>  the  weight  and  dorrelation  numbers  dan  be  determined  addording 
to  their  definitions.  We  find: 


The  standard  errors  of  the  elements  of  the  exterior  orientation  oan 
be  fovmd  from  the  standard  error  Of  unit  weight  of  the  image  ooordi.- 
nates  and  the  square  roots  of  the  weight  numbers »  In  addition,  the 
influenoe  of  the  errors  of  the  elements  of  the  interior  orientation 
must  be  teikea  into  aoeount.  The  standard  errors  of  the  elements  of 
the  interior  orientation  and  the  angles  9’  and  a  were  given  previa 
ously  in  formulas  (II6)  through  (120) .  Assuming  the  standard  errors 
of  unit  weight  of  the  image  doordinates  at  the  damera  and  image  dal" 
ibration  to  be  of  the  same  order  of  magnitude  as  at  the  measurements 
for  the  resedtion  in  spade,  we  find  the  following  formulas  for  the 
standard  errors  of  the  elements  of  the  exterior  orientation  under 
these  donditions; 
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In  tlaese  formulas, 

h  Is  the  flying  altitude j 
e  is  the  camera  constant; 

a  represents  the  image  coordinates  of  the  control  points 
(cfi  the  relations  (13o));  and 

r*  is  the  radius  of  the  circle  around  the  principal  point 
Upon  which  the  points  were  located  in  connection  with  the 
calihration  of  the  camera  and  the  photographs » 

Formulas  (137)  through  (Ihl)  are  applied  to  three  differ^ 
ent  types  of  photographs,  and  the  results  are  shown  in  Tahle  iX* 

If  the  single-point  resection  had  ‘been  made  in  an  ordinary 
photogrammetric  plotting  instrument,  attention  should  have  been  paid 
to  the  errors  of  the  interior  orientation  of  the  projector  from  ^e 
calibration.  The  standard  errors  of  Table  IX  would  therefore  have 
become  larger,  toder  the  assumed  conditions,  single -point  resection 
in  space  will  give  more  accurate  results  than  double-point  resection 
in  space.  For  a  certain  flying  altitude,  the  wide-angle  photograph 
gives  the  most  accurate  results.  In  reference  10,  a  study  has  been 
made  of  the  variations  of  the  accuracy  willi  varying  locations  of  the 
Control  points. 


fable  iXi  Standard  Errors  Of  tbe  Elements  Of  tbe 
Exterior  Orientation  after  Single •Point  ReseGtion 
in  Space  wi1da  Numerical  Metkods 
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8*  foleratice  Limits  of  the  Pinal  Results  Of  the  fbotpgramr, 
metric  Procedure.  The  standard  efrors  of  the  final  coordinates  and 
elevations  of  terrain  points  have  been  determined  previously  under 
different  assumptions  concerning  the  fundamental  operations  of 
photogrammetry .  IMder  such  conditions,  it  is  always  of  interest  to 
estimate  the  maximum  deviations  to  be  expected  or  to  be  allowed  if 
the  photogrammetric  data  are  cort^ared  with  geodetic  check  data, 
which  are  determined  with  su<*  a  hi^  geometrical  quality  that  they 
oan  be  regarded  as  errorless,  at  least  in  cong>arison  with  the  photo^ 
grammetric  qiiality. 

Up  to  the  present  time,  the  "maximum  errors"  or  tolerance 
limits  are  \isually  assvmied  to  be  three  times  the  standard  errors. 
This  is  a  crude  rule,  which  probably  originates  from  the  fact  that 
in  a  normal  distribution  of  errors  there  is  a  probability  of  only 
about  O.iT  percent  or  1:370  that  an  individual  error  exceeds  three 
times  the  standard  deviation  of  the  distribution,  lliis  rule  assupaes 
a  large  number  of  observations.  In  practice,  this  rule  is  usually 
regarded  to  be  fulfilled  if  the  nuniber  of  "ttie  observations  (errors) 
is  larger  than  30.  If  the  number  is  smaller  than  30,  the  mentioned 
rule  for  estimating  the  maximi@  error  or  the  tolerance  limit  becomes 


af proximate .  'nierefore,  it  is  more  correct  to  use  procedures  wJaieii 
have  heea  derived  for  a  limited  number  of  ohservations  for  the  de^ 
termination  of  the  hasic  accuracy  (the  standard  error  of  unit  weight) 
such  a  procedure  for  the  determination  of  tolerance  limits  of  lndi= 
vidual  results  of  the  photogrammetric  (coordinates  and  elevations  of 
terrain  points >  elements  of  the  exterior  orientation^  and  the  like) 
is  given  by  the  t«test. 

®ie  distribution  of  the  residuals  (errors),  from  which  the 
standard  error  of  unit  weight  has  been  computed,  must  be  assumed  to 
he  normal  at  a  reasonable  level  (the  3  percent  level  is  the  usual 
one),  and  this  assumption  should  have  been  checked  in  a  satisfactory 
number  of  tests  in  connection  with  calibration  procedures* 

From  the  number  n«u  of  redundant  observations  in  idae  de- 
termination  of  the  standard  error  of  imit  wei^t  and  at  a  certain 
(tolerance,  fiducial)  level  p  percent  the  factor  t  can  be  detemined 
with  which  the  standard  error  is  to  be  multiplied  for  llie  determina^ 
tioa  of  the  tolerance  limits. 

fhe  deteiTiiination  of  the  standard  error  of  unit  wei^t  of 
the  y-»parallaxes  has  been  made  from  y»parallax  measin'ements  in  6>  9> 
Or  I5  model  points.  This  means  that  there  are  1,  1,  and  lo  redundant 
observations,  respectively*  fhe  level  is  usually  chosen  at  3  percent 
but  1  percent  also  is  lised*  For  the  cotsbinatlons  of  1,  h,  and  10 
redundant  observations  and  the  levels  5  and  1  percent,  the  following 
t**values  are  found  from  a  table  of  the  t distribution. 


n-u  =  1 

t^  =  t  12.t 

ti  =  t  63*7 

n**u  =  1 

t5  =?  i  2.8 

ti  =  ±  1+.6 

nwu  =  10 

t5  =  +  2,2 

ti  ^  ft  3*2 

Conseciuently,  if  the  ydnrallax  measurements  are  made  in  1^  points 
for  the  determination  of  the  standard  error  of  unit  weight  and  the 
3  percent  level  is  chosen,,  the  tolerance  limits  (maximum  errors)  are 
obtained  as  i  2 .2s  where  s  is  the  standard  error  of  the  actual  result 
This  means  that  the  statement  that  the  maximum  deviations  between  the 
measured  (computed)  value  of  the  data  (coordinates,  elevations,  and 
elements  of  the  exterior  orientation)  and  their  true  yalues  should 
not  exceed  2.2  times  their  standard  errors,  can  be  wrong  in  3  percent 
of  ’^e  tests.  The  statement  that  the  maximum  deviations  should  not 
exceed  3*2  times  the  standard  error  can  be  1  percent  wrong.  There 
are  certain  approximations  in  this  procediure,  too,  for  ’toe  deteimina- 
tion  of  toe  toierance  limits  but  they  may  be  accepted,  in  particvdar, 
because  toe  level  Is  more  or  less  a  choice. 


If  root  mean  square  values  of  true  diserepaaoies  Have  been 
detemined,  e.  g.,  between  pbotogrammetrlc  and  geodetle  Goordinates 
and  elevations,  and  these  root  mean  square  values  are  to  be  eompared 
with  theoretical  values  as  determined  from  the  standard  errors  of 
the  fundamental  operations,  another  type  of  test  must  be  used, 
founded  upon  the  chi^  distribution.  Examples  of  such  root  mean 
square  values  from  a  ‘ttieoretical  derivation  are  given  in  formulas 
(6ta),  (68a),  (78) >  (79) >  ^d  (83) *  The  tolerance  limits  for  h  and 
10  redundant  observations  and  at  the  5  ^d  1  percent  level  are  as 
follows : 

n-^u  =  l+,  level  5  percent;  O.6so-3.9so>  level  1  percent;  0.5sQ=i+.hso 

n^^u  =  10,  level  5  percent;  047so-1*8sqJ  level  1  percent:  0.6so'*»3.3so 

This  means  that  if  the  standard  error  of  unit  weight  of  the  y- 
parallaxes  has  been  determined  from  observations  in  15  points  and  if 
the  level  5  percent  is  chosen,  the  true  root  mean  square  value  of 
elevation  discrepancies  of  a  model  should  be  within  0.7  and  li8 
times  the  theoretical  value  as  determined  from  the  standard  error  of 
unit  weights  This  statement  can  be  5  percent  wrongs  Also,  present¬ 
ly  there  are  certain  approximations  in  the  procedure. 

III.  DISCUSSION 

Through  these  investigations  the  error  propagation  from  the 
relative  and  absolute  orientations  to  the  final  resxilts  has  been  de¬ 
termined  under  well-defined  conditions.  In  particular,  the  Compen¬ 
sating  effects  of  the  absolute  orientation  is  of  great  importance 
and  has  theoretically  to  be  considered  for  each  actual  combination 
Of  Control  points  in  planimetry  and  elevation.  It  should  also  be 
eiig)haslzed  that  the  derivations  have  been  made  \mder  the  assumptions 
of  moderate  elevation  differences  on  the  grovmd.  The  effects  of 
such  differences,  however,  is  dependent  upon  the  actual  situation 
concerning  the  relative  orientation  and  is  reduced  if  the  residual 
y-»parallaxes  after  a  preliminary  orientation  are  sufficiently  small, 
of  the  order  of  magnitude  some  hundredth  of  a  millimeter  in  the 
photographs.  It  should  also  be  emphasized  again  that  the  most  im¬ 
portant  regular  errors  of  the  photographs  and  of  the  instrument  are 
assumed  to  be  corrected  for  and  that  the  residual  errors  are  normal- 
ly  distributed  &t  a  reasonable  level.  "Critical  surfaces"  must  be 
noticed,  however. 

The  derived  formula  systems  for  the  geometrical  quality  of  the 
final  results  are  of  great  significance  for  a  number  of  problems,  in 
particular,  conceining  the  planning  of  aerial  photography  for  plot¬ 
ting  with  defined  tolerance  limits.  In  a  separate  investigation, 
the  application  of  the  formulas  to  the  problem  of  topographic  mapping 


will  be  shown.  The  (juality  determination  of  the  elements  of  the 
exterior  orientation  Is  of  interest  for  the  test  of  oldaer  procedvn'es 
for  the  determination  of  the  exterior  orientation  in  connection  wilJa 
aerial  photography. 

It  can  be  mentioned  that  preliminary  formula  systems  for  the 
determination  of  the  final  geometrical  quality  of  coordinates  and 
elevations  from  photogrammetric  models  and  derived  by  the  author 
were  tested  in  practical  experiments  arranged  by  the  Inteinational 
Society  of  Photogrammetiy  and  presented  at  the  Stockholm  and  London 
Oongresses  in  19$6  and  I960,  respectively.  At  these  times,  special- 
ized  conditions  were  present  and  the  formula  systems  had  to  be  de¬ 
rived  accordingly.  The  results  of  the  comparison  between  the  theo¬ 
retical  predictions  wmi  respect  to  the  measured  y-parallaxes  and 
the  practical  results  from  the  check  points  on  the  ground  were  en¬ 
tirely  satisfactoiy.  ^e  deviations  between  the  theoretical  and 
practical  results  were  always  found  to  be  within  the  confidence 
limits,  determined  from  ordinary  statistical  procedures  (reference 
5).  fflaerefore,  it  must  be  ei^ected  that  the  formula  systems  which 
have  been  derived  and  presented  in  this  investigation  according  to 
the  same  basic  principals  are  sufficiently  reliable  for  the  puiTPse> 
It  ls>  however,  desirable  that  finrther  tests  be  made  between  the 
theoretical  and  the  practical  accuracy.  For  the  elements  of  the  ex¬ 
terior  orientation  such  tests  cannot  be  arranged  because  the  photo- 
grammetrlc  method  for  the  determination  of  the  elements  may  be  the 
most  reliable.  But,  because  the  same  principles  have  been  lased  for 
the  final  model  coordinates  and  elevations,  on  the  one  hand,  and  the 
elements  of  the  exterior  orientation,  on  the  other,  it  seems  proba¬ 
ble  that  the  reliability  of  the  derived  data  for  the  orientation 
elements  is  satisfactory  within  the  confidence  limits  which  have 
been  computed  and  shown. 

Finally,  it  shoiild  be  mentioned  that  the  basic  information  on 
the  geometrical  quality  is  obtained  from  the  contents  of  the  photo¬ 
graphs  only,  and  that  in  principle  no  additional  control  data  are 
assumed  to  be  available.  On  the  other  hand,  redundant  control  is 
always  welcome  in  practice  for  checks  against  gross  errors  and  of 
the  theoretical  geometrical  quality. 


IV.  CONCLUSIONS 

9.  Conclusions .  On  the  basis  of  the  resuLts  of  the  investi¬ 

gation  reported  herein,  it  is  concluded  that: 

a.  The  method  of  least  squares  and  its  law  of  error 
propagation  allow  a  well-defined  theoretical  determination  of  the 
geometrical  quality  to  be  e^^ected  in  the  final  results  of  the 
photogrammetric  procedure  in  terms  of  the  standard  errors  of  the 
y-parallsqces  • 


t).  The  theoretical  geometrical  quality  of  the  elements 
of  the  exterior  orientation  after  double-  and  single-point  resections 
in  space  can  be  determined  in  this  way  only. 

c.  The  influeiace  of  the  errors  of  the  interior  orienta¬ 
tion  must  be  taken  into  accounts  A  well-defined  procedure  for  the 
Calibration  of  the  camera  and  photographs  is  therefore  necessaiyi 
Also,  here  the  method  of  least  squares  is  of  basic  importance . 

d.  Tolerance  limits  for  the  relative  and  absolute  orien¬ 
tations  can  be  derived  from  the  results  of  these  investigations s 
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